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ABSTRACT 
 
This dissertation aims to study effects of different design factors on the end 
movements in Continuously Reinforced Concrete (CRC) pavements subjected to 
environmental loads. End movement in CRC pavements is an important distress leading 
to deterioration of in-service pavement structures. Different models, including closed 
form solutions and numerical approaches for prediction of the concrete slab 
displacements, are introduced and discussed. The effect bond strength between the 
concrete slab and the subbase layer on concrete slab end movement is investigated using 
interfacial fracture mechanics concepts. First, the theoretical criteria describing the 
mechanism of interfacial crack propagation are discussed in a general framework. A 
modified version of the maximum tangential stress criterion is developed for strong 
interfaces and it is shown that the proposed model provides more accurate prediction of 
the experimental data. A new fracture test specimen, which covers all mixed mode 
conditions, is proposed for evaluation of the bond strength between two dissimilar 
materials. The new test specimen is then employed for evaluation of the bond strength 
between the asphalt concrete and the Portland cement concrete. 
As the next step, a series of three dimensional finite element simulations are 
performed to investigate end movements in CRC pavements. The concrete slab/ subbase 
layer and concrete slab/ reinforcing steel bar interfaces were modelled using a zero 
thickness cohesive layer which follows traction-separation constitutive law. The results 
of the finite element simulations are compared with those measured from experiments by 
 iii 
 
previous researchers. Finally, the effects of CRC dimensions, material properties, bond 
strength, and environmental loads on the end movements in CRC pavements are 
explored using three dimensional finite element simulations. The results obtained in the 
present work can help pavement engineers to better understand the mechanism of end 
movements in CRC pavements. 
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1. INTRODUCTION  
 
1.1. Background 
Rigid pavements are widely used in constructing airport fields and major 
highways, such as those in the interstate highway system. Like flexible pavements, rigid 
highway pavements are designed as all-weather, long-lasting structures to serve modern 
day high-speed traffic. Offering high quality riding surfaces for safe vehicular travel, 
they function as structural layers to distribute vehicular wheel loads in such a manner 
that the induced stresses transmitted to the subgrade soil are of acceptable magnitudes. 
In rigid pavements, the bond behavior between the Portland cement concrete 
slabs and the subbase layer significantly influences on the displacements in concrete 
slabs caused by environmental loading as well as the traffic loading. In addition, the 
bond behavior directly affect on cracking patterns in concrete slabs. The bond strength 
between the concrete slab and the subbase layer defines the restriction and boundary 
conditions of the concrete slab, and as a result, plays a significant role in erosion, 
displacements, and cracking in a pavement structure. Therefore, the study of bond 
behavior at the interface of the concrete slab and subbase layer is essential to improve 
our pavement design. An extension in the service life of rigid pavements, which 
represents a significant portion of the construction industry’s efforts, can lead to 
enormous improvements in the life cycle costs and sustainability of our transportation 
system. The presented dissertation aims to address the effect of bond behavior at the 
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interface of concrete lab and subbase, effect of curing conditions, subbase type, and slab 
dimensions, on end movements and erosion behavior of the slab. 
1.2. Objectives 
The overarching goals of this research are to evaluate end restraint in concrete 
pavement system by taking into consideration effects of concrete slab/ subbase 
resistance, utilizing interfacial fracture mechanics concepts. The bond behavior between 
concrete slab and subbase can be characterized by the theoretical fracture mechanics 
concepts. The model used for simulations of the concrete slab/ subbase bond behavior, 
represents the restriction of a concrete slab at the bottom where it is connected to the 
subbase layer. Different modeling methods are employed to study end movements 
(restraints) in concrete slabs including traditional theoretical approaches and finite 
element simulations. Specific objectives of the current research are as follows: 
 Interfacial fracture criteria: De-bonding mechanism between the concrete slab 
and the subbase are addressed in this dissertation using interfacial fracture 
mechanics approaches. Typically, the interface cracks initiate and propagates at 
the interface of concrete slab and the subbase due to environmentally induced 
temperature and moisture gradients effects. Traditional interfacial fracture 
criteria are discussed and then a new criterion is proposed which provides more 
accurate predictions for different bonded joints made of different materials. The 
fracture criteria for weak interfaces are also discussed which can be applied for 
predictions of the debonding in rigid pavements with weak bond strength. 
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 Laboratory testing for evaluation of the bond resistance: Conducting 
experiments on laboratory specimens has always been an easier way than in-situ 
experiments for evaluation of the failure mechanism in structures. Using 
laboratory specimens, one can simulate different loading conditions, which can 
take place in a real in-service structure, in a cheaper and faster way. As a part of 
this research, a new laboratory test specimen is proposed for evaluation of the 
bond resistance between the concrete slab and the subbase layer. The proposed 
test specimen can be employed for evaluation of the bond strength at different 
loading configurations. Utilizing the proposed specimen, the bond strength 
between Portland cement concrete and asphalt concrete is evaluated at different 
temperatures, and proper fracture criteria to address de-bonding mechanism are 
discussed. The aim of this part is to introduce a test method for evaluation of the 
bond resistance between concrete slab and the subbase layer in a pavement 
structure. 
 Models for evaluation of the stress, strain, and displacement fields in 
concrete slabs: Different models are employed to study stress, strain, and 
displacement fields in concrete slabs due to the environmental loading. Some 
traditional methods for evaluation of the displacements in concrete pavements 
are introduced and discussed. Although such closed form solutions may not be 
accurate enough, they provide a direct relationship between different design 
parameters, and as a result, are useful for engineers. Some modifications are then 
introduced on the traditional analytical models to increase accuracy of the 
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predictions presented by these models. Furthermore, concrete pavement/ subbase 
structure is simulated utilizing three dimensional (3D) finite element method. 
The three dimensional finite element approach is examined by predicting 
experimental data given in the literature for end movements in concrete slabs. 
 3D finite element modeling of the concrete slab/ subbase structures: 3D finite 
element simulations are performed for continuously reinforced concrete (CRC) 
pavement at different geometries, subbase modulus, bond strength, and 
environmental loading conditions. The effect of different design parameters are 
addressed and discussed.  
1.3. Structure of the dissertation 
This dissertation is composed of seven sections covering three major subjects: 
development in interfacial fracture mechanics (section 3), laboratory testing of the 
asphalt concrete/ Portland cement concrete bond strength (section 4), and models for 
evaluation of the end movements in concrete slabs (sections 5 and 6). The details of each 
section are as follows: 
Section 1: Introduction. This section covers the background, objectives, and 
methodology of the research. 
Section 2: Literature Review. This section presents a literature survey of the 
main topics studied in this dissertation. Previous research on evaluation of the 
displacement field in concrete slabs, bond behavior between concrete slab and subbase, 
and different interfacial fracture criteria are discussed. 
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Section 3: Interfacial fracture criteria. Different theoretical fracture criteria are 
discussed for the problem of crack lying at the interface of two dissimilar materials. The 
bond strength and crack propagation path are discussed using different fracture criteria. 
A new fracture criterion is developed for debonding of strong interfaces which provides 
more accurate prediction of the test data available in the literature. Criteria for weak 
interfaces are also discussed. Finally, some comments are given for crack propagation in 
a viscoelastic media. The goal of this section is to study interfacial fracture mechanics in 
a comprehensive framework, in order to be used in next sections for evaluation of the 
bond strength in a concrete slab/ subbase structure. 
Section 4: A new test specimen for evaluation of the interfacial bond 
strength. In this section, different fracture test specimens for evaluation of the bond 
behavior between two dissimilar materials are discussed. Then, a new fracture test is 
suggested which can cover a wider range of the loading configurations, from pure 
tension to pure shear. The suggested specimen is characterized using finite element 
simulations. Finally, the bond strength between Portland cement concrete and asphalt 
concrete is evaluated using the proposed fracture test specimen. 
Section 5: Models for the prediction of displacements in CRC pavements. 
Different model including theoretical ones and 3D finite element one are discussed in 
this section. Finally, a 3D finite element model is suggested which models cement 
concrete/ subbase and cement concrete/ reinforcing steel bar bonds using zero thickness 
cohesive elements. The suggested 3D finite element approach is then examined by the 
available experimental data in the literature for displacements in concrete slabs.  
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Section 6: Effect of different factors on the end movements in CRC 
pavements. A series of 3D finite element simulations on CRC pavement structures 
under different environmental loading configurations are presented. The effect of 
geometry, modulus of layers, bond strength and loading profile is studied. 
Section 7: Summary, conclusions, and Future Research. This section presents 
a summary of the major conclusions that can be drawn from this research and discusses 
future research efforts that can stem from this work. 
1.4. Key findings of the research 
Important accomplishments of and findings from this research are as follows: 
 Different fracture criteria are discussed for evaluation of the bond strength 
between two dissimilar materials. A modified fracture criterion is suggested 
which provide more accurate predictions for bond strength as well as the crack 
propagation direction. Different criteria are compared and discussed for different 
bonded structures, and some comments are given which can be helpful for 
designing of the bonded joints. 
 Fracture test specimens for evaluation of the bond behavior between two 
dissimilar bonded materials are discussed. A new specimen is presented and 
characterized which can be employed for a wide range of the loading 
configurations. The bond behavior between Portland cement concrete and asphalt 
concrete is evaluated at different temperatures using the suggested fracture test 
specimen. 
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 Different models for evaluation of the displacements in concrete slabs are 
discussed. Some modifications are given for the traditional theoretical models in 
order to improve predictions given by these models. The 3D finite element 
simulation is represented as a more accurate way than traditional methods to 
predict concrete slab/ subbase stress, strain, and displacement fields. 
 3D finite element simulation is performed for different geometries, subbase 
modulus, bond strength, and different environmental loading profiles. The effect 
of each factor on the concrete slab stress and displacement fields is discussed.  
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2. LITERATURE REVIEW  
 
2.1. Rigid pavements 
There are four types of rigid pavements: Jointed plain concrete (JPC) pavement, 
jointed reinforced concrete (JRC) pavement, continuously reinforced concrete (CRC) 
pavement, and pre-stressed (PC) concrete pavement. JPC Pavements are plain cement 
concrete pavements constructed with closely spaced transverse contraction joints. Dowel 
bars are often used to provide load transfer since aggregate interlock is nearly non-
existent for load transfer across the transverse joints (joint spacing usually varies from 4 
to 5.5m). CRC pavements are Portland cement concrete pavement with continuous 
longitudinal steel reinforcement and closely spaced cracks that serve as intermediate 
transverse expansion or contraction joints. However, the pavement is allowed to crack 
typically in a random pattern with the notion the cracks will be held tightly closed by the 
steel reinforcement. In this research we particularly focus on models for prediction of the 
displacements in CRC pavements. 
The first use of CRC pavements was in 1921 by the Bureau of Public Roads on 
Columbia Pike in Arlington, Virginia. Then, the first significant length of CRC 
pavements was constructed in the State of Indiana in 1938 (Highway Research Board, 
1973 [1]). After that, a good performance of such projects (like the one in Illinois, 
California, and New Jersey around 1949) led to an increased interest in this design 
(AASHTO design guide, 1986 [2]). The use of CRC pavements was increased in the 
1960s, 1970s, and 1980s during construction of the Interstate Highway System in the 
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U.S. The use of CRC pavements in the U.S. was increased for more than 15,000 
kilometers of equivalent two-lane pavement were in use or under contract at the end of 
1971(Highway Research Board, 1973 [1]) and this amount is still increasing. Texas and 
Illinois, with dissimilar weather and environmental conditions, lead the nation in CRCP 
usage. Texas constructed its first section in Ft. Worth in 1951. From the 1960s on, Texas 
has constructed more CRC pavements than any other state, possibly more than all other 
states combined. Approximately 80 percent of current concrete paving projects let in 
Texas are CRC pavements. Illinois constructed its first CRC pavement in 1947 on U.S. 
40 west of Vandalia. Based on the performance of this experimental project, Illinois 
began extensive construction of CRC pavements. Approximately two-thirds of the 
Illinois Interstate system was constructed with CRC pavements [3]. 
2.2. Slab movements 
All Portland cement concrete slabs undergo shrinkage as the concrete ages. This 
volume change in concrete is very important to the engineer in the design of a concrete 
slab. This volume change is accommodated by expansion joints and is restricted by the 
slab’s restraints. A concrete slab is restrained by slab/ subbase bond, concrete/ 
reinforcing steel bar bond, slab’s dead weight, etc. In order to design a concrete 
pavement, stress, strain, and displacement fields are required to be obtained. 
In addition to the horizontal shrinkage of the concrete slab, the edges of the slab 
lift upwards due to the temperature and moisture gradient throughout the slab. In a 
pavement structure, with respect to temperature, when the slab surface is cooler than the 
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slab bottom, the surface tends to contract and curling the slab edges (or corners) upward 
as a result of negative temperature gradient through the slab thickness. On the other 
hand, the moisture gradient through the thickness induces an additional deformation in 
the concrete slab, called warping. Such factors are particularly prevalent during the 
curing stages of a concrete pavement affecting the potential for lift-off (the separation of 
slab from the subbase layer). Lift-off is the first step towards erosion damage which is a 
distress type that threatens the sustainability of a concrete pavement. In a concrete slab, 
the lift-off is controlled by the net climatically induced contraction strain field, which 
takes into account both temperature and the moisture effects, the bond behavior between 
concrete slab and subbase, and the weight of the concrete slab. Such interaction causes a 
stress field throughout the slab which results in separation of the slab from the subbase. 
In this research, we particularly study end movements in CRC pavement which is widely 
used in construction of pavement structures and was developed as an alternative to 
jointed concrete pavement to eliminate the need for contraction joints. In fact, the study 
of CRC pavements provides a more general solution since the end movement in a plain 
concrete slab is a particular case of this problem. In CRC pavement, the longitudinal 
reinforcement is continuous and each individual length of the reinforcing bar is tied each 
of its adjoining bars in the reinforcement net. The steel keeps the cracks tightly closed 
maintaining the integrity of the aggregate interlock across the cracks. Over the years, the 
mechanism of the slab deformation due to such environmental effects has been 
investigated by many researchers. Palmer [4] studied stress, strain and displacement field 
in CRCP. He calculated relative displacements between concrete slab and subgrade, and 
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between concrete slab and reinforcing steel bar. However, he did not consider effect of 
lift-off on the slab end movement and did not take into account the effect of interface 
crack propagation.  
McCullough and his colleagues [5, 6] developed CRCP-11 to design concrete 
pavement under different climatic conditions. The software was a sophisticated tool for 
pavement design considering predicted minimum concrete temperatures for the medium 
and long terms which allows a reasonable economical designs. Zhang [7] studied the 
effects of base characteristics on curling stresses of CRCP under different types of base 
materials. He studied the effects of six typical bases on curling stresses of CRCP 
subjected to temperature variations using a 2D finite-element method. However, he used 
a simple friction model for concrete slab/ subbase and concrete/ reinforcing steel bar 
interfaces which does not take into account any cohesion at the interfaces.  
In addition to the horizontal displacements of the concrete slab, the vertical 
movements (lift-off) is also considered as one of the important parameters in design of 
concrete pavements, and as a result, needs to be evaluated. The lift-off in concrete slabs 
has been investigated by many researchers so far, by taking into consideration effects of 
curling and warping, together and separately [8 – 17]. A pioneering work has been done 
by Westergaard [8] on the thermal stress field analysis in rigid slabs due to their curling. 
He presented a linear elastic solution for the slab curling assuming a linear temperature 
gradient through the slab thickness and an elastic Winkler foundation for the subgrade. 
Tang et al. [9] suggested an analytical approach to evaluate stress and displacement 
distribution in a semi-infinite slab and in an infinitely-long slab of a finite width. They 
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also considered the effect of gap that may occur under the concrete slab resulting from 
curling and proposed an approximate formula for the maximum stress in a finite slab. 
However, the net effects of curling and warping causes the lift-off in concrete slab 
pavements. In this regard, Bari and Zollinger [10] proposed a new framework to model 
the effects of the concrete slab/subgrade interface for design purposes considering short- 
and long-term performance. They studied the effect of interfacial adhesion as well as the 
sliding friction on the interfacial resistance and the slab lift-off. However, in practice, 
cracks propagate at the interface of the concrete slab and subbase and none of the above 
models can present a sophisticated method to describe interface crack propagation 
mechanism. 
2.3. Factors affecting displacements in concrete slabs 
There are many factors influencing displacements in concrete pavements. Among 
them are temperature, moisture, material properties of the slab and subbase, bond 
behavior between slab and subbase, and percentage and position of the steel 
reinforcement. A literature survey is provided in the following addressing some of the 
recent works to evaluate displacements in concrete slabs.  
2.3.1. Temperature change in a concrete slab 
Thermally induced stresses are one of the primary sources of the stresses in 
concrete slabs. In CRC pavements, the thermal stress depends on (1) the thermal 
properties in early aged concrete which can be often characterized by the heat of 
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hydration; (2) the environmental effects in aged concrete (ambient air temperature and 
solar radiations); (3) geometry of the structure (zero-stress point). The thermal stress 
field in a concrete slab is influenced by the structural boundary conditions of the slab. If 
a concrete slab is unrestrained, it expands and contracts during heating and the 
subsequent cooling process without stress development. However, concrete slabs are 
always restrained to some degree, either externally by adjoining structures or internally 
by a variation in temperature vertically in the slab itself. Therefore, due to such imposed 
restraint conditions, temperature change results in compressive and/or tensile stresses in 
the concrete. Thus, a primary question would be, whether the induced thermal stresses 
lead to cracking or not [18]. 
Due to the hydration of fresh concrete, energy releases in the form of heat. The 
primary heat generation cycle actually starts often the dormant period while the calcium 
ions concentration builds up. During this period, the concrete is in a plastic state and is 
relatively inactive reaction-wise. A couple of hours after the end of the dormant period, 
the peak of the primary cycle is reached. At this point, the major portion of the hydration 
products crystallize from the solution of the mixture. This is when the time of initial 
and/or final set of the concrete occurs. As hydration products grow, they form a barrier 
to the movement of the calcium ion when the availability of calcium diminishes, the 
reaction drops down and hydration may eventually stop [3, 20]. The rate of hydration is 
very sensitive to initial temperature, especially during the primary cycle [3, 20]. 
Therefore, the temperature cycle during construction is an important factor affecting the 
rate of hydration.  
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The coefficient of thermal expansion (COTE) is also a key parameter affecting 
on the thermal stress distribution in both hardening and hardened concrete slabs. Like all 
composite materials, the COTE of concrete is influenced by a large number of factors 
that can be generally related to its major components: cement paste and aggregate. The 
thermal characteristics of concrete obviously affect the crack pattern in concrete slabs 
since thermally induced dimensional changes in the Portland cement concrete influence 
the formation of transverse cracks. The type of coarse aggregate also directly influences 
on COTE of concrete, because coarse aggregates form a large part of concrete by 
volume [21]. 
The COTE of concrete is approximately equal to the volumetrically weighted 
average of the coefficients of its ingredients [3]. It is needed to calculate the thermal 
strains and stresses of concrete slabs. The COTE of concrete has been measured by 
many researchers so far [22 – 25] and varies within 2.78 – 8.33×10-6/ºF, depending on 
aggregates, constituents and the moisture state of concrete [23]. It also has been reported 
in the literature that the COTE of concrete is slightly greater during heating than cooling 
and its value at early-ages is higher than that of mature concrete [23 – 29]. In this study, 
however, the coefficient is assumed to be constant over time since the early-age behavior 
is not studied. 
2.3.2. Concrete shrinkage 
Since concrete is largely composed of water, the water transport and change in 
amount of water significantly influence in volume change of concrete. In other words, 
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water-related shrinkage is a volumetric change caused by loss and movement of the 
water (i.e., change in the internal pore pressure caused by drying or self-desiccation). 
Drying of concrete is affected by the environmental conditions in which the relative 
humidity of the concrete attempts to equilibrate with the humidity of the surrounding 
environment. As the internal humidity strives to equilibrate with a lower environmental 
humidity, water is evacuated from the capillary pores which results in the development 
of tensile stresses. This tensile stress is attributed to the compressing the rigid skeleton of 
concrete which provides a partial explanation for the effect we commonly refer to as 
drying shrinkage. Shrinkage in concrete can be classified into the following types: 
Drying shrinkage is by far the most common cause of shrinkage. The drying 
shrinkage of concrete is analogous to the mechanism of drying of timber specimen. 
Under drying conditions, the gel water is lost progressively over a long time, as long as 
the concrete is kept in drying conditions. One of the most substantial factors influencing 
free shrinkage is the water to cement ratio (w/c). The w/c required for complete 
hydration is typically assumed to be approximately 0.42 depending on the amount of gel 
porosity that is assumed [30]. The amount of water has a direct influence on the size and 
magnitude of the porosity (i.e., higher w/c pastes have higher porosity). Therefore, 
theoretically, specimens with a lower w/c have a lower amount of pore water and 
consequently exhibit lower drying shrinkage (practically, there is an optimum value for 
w/c). Currently, the Texas Department of Transportation (TxDOT) limits the water-to-
cement ratio to a maximum 0.45 for paving concrete [3]. 
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Aggregate gradation does not directly influence shrinkage [31], however, it may 
be concluded that the use of higher aggregate volume exhibits lower free shrinkage since 
the aggregate is generally dimensionally stable. Aggregates with higher stiffness exhibit 
lower free shrinkage based on the same reasoning. The use of high porosity lightweight 
aggregate (LWA) has also been suggested as one method to minimize autogenous 
shrinkage [32, 33]. For this purpose, the LWA is saturated to various degrees before 
using and the aggregate acts as a water reservoir to supply water that counteracts the 
self-desiccation of the paste. 
Autogenous shrinkage occurs in a conservative system, like sealed concrete (i.e., 
no moisture loss) without temperature change. This type of shrinkage is caused by 
cement hydration and seen as the external, macroscopic volume change of cementitious 
materials after initial set, without any “exchange” with the environment. This exchange 
is either of substances (moisture), a temperature variation or an external load or restraint. 
Plastic shrinkage is a term used for freshly poured concrete and manifests itself 
soon after the concrete is placed in the forms while the concrete is still in the plastic 
state. This type of shrinkage occurs when the rate of loss of water from the surface 
exceeds the rate at which the bleeding water is available. Environmental considerations 
including wind speed, solar effects, low relative humidity, and high temperature 
significantly influence the potential of plastic shrinkage cracking [29]. 
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2.3.3. Material properties 
The material properties of the concrete slab, subbase layer, and reinforcing steel 
significantly influences displacements in pavement structures. For concrete slab, the 
material properties of the concrete ingredients (cement past and aggregates) represents 
the effective modulus of the concrete. The stiffness and strength of each component 
influences crack pattern in a concrete slab and therefore are essential to be studied. The 
stiffness of each layer in a concrete pavement structure directly relates to the 
displacements in the structure. The effect of stiffness of layers on the displacement field 
in concrete slabs has been investigated by the researchers in the past [34 – 36]. In the 
previous research, the concrete slab and base layer are modelled as linear elastic plates 
connected by springs (Winkler foundation) and the displacements in the pavement is 
evaluated by plate theories (like Mindlin plate theory). However, the concept of using 
springs as interface elements brings many problems since such spring models do not 
represent de-bonding mechanism between layers in a sophisticated manner. The 
displacements in a concrete slab are developed in either elastic deformations or de-
bonding (slip deformations). However, a sophisticated model representing both de-
bonding and elastic deflections has not been developed yet. 
2.3.4. Bond behavior between concrete slab and subbase 
The presented dissertation aims to provide researchers with some insight as to the 
effect of bond behavior at the interface of concrete lab and subbase, curing conditions, 
and the relative stiffness on the end movement of the slab, and to answer some of the 
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primary questions on the mechanism of end movement in concrete slab/ subbase 
structures. Therefore, a literature survey is necessary to briefly review of the previous 
works in this field. The bond behavior between the Portland cement concrete slabs and 
the subbase layer significantly influences on horizontal displacements in concrete slabs 
caused by environmental loading as well as the traffic loading. In addition, the bond 
behavior directly affects on both cracking patterns in concrete slabs. Therefore, the study 
of bond behavior at the interface of the concrete slab and subbase layer is essential to 
improve our pavement design. In other words, an extension in the service life of rigid 
pavements, which represents a significant portion of the construction industry’s efforts, 
can lead to enormous improvements in the life cycle costs and sustainability of the 
transportation system.  
The bond strength of the Portland cement concrete/subbase has rarely been 
investigated. A limited number of published works can be found in the literature for the 
shear strength and tensile strength of the Portland-cement concrete/asphalt concrete 
bonded joints, with and without interface cracks [37 – 47]. Chabot et al. [42] conducted 
a set of experiments to investigate mixed mode interfacial fracture in asphalt concrete/ 
Portland cement concrete bonded joints. They used four point bend specimens for their 
fracture tests and obtained strain energy release rate under different loading and 
boundary conditions. Tschegg et al. [43] dealt with the testing and assessment of the 
bond behavior and the crack resistance of asphalt-concrete interfaces tested at different 
temperatures. They conducted their tests at different pretreatments of the interface: 
without any treatment, using cement grout, using a combination of cement grout and 
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synthetic dispersion, or using only synthetic dispersion. Pouteau et al. [45] studied the 
fatigue life of a concrete layer bonded to an asphalt subbase. They presented an in situ 
experiment aiming to evaluate the growth of a defect at the interface of a CRC pavement 
bonded to an asphalt subbase under traffic loads. They also suggested a new laboratory 
test to study the initiation and the propagation of the crack at the interface. However, all 
previous works failed to obtain fracture toughness under different mixed mode 
conditions because of the limitations on the specimen geometry. The finite element 
simulation of the crack propagation at the interface of concrete slab and subbase has also 
rarely been investigated by the researchers [46, 47]. For instance, Mirsayar et al. [46] 
conducted a series of finite element simulations to investigate effect of subbase modulus 
and environmental loadings on the interface crack propagation between plain Portland 
cement concrete slabs and the subbase. However, they used a two dimensional model 
and did not considered the bond strength effects. Kim et al. [48] conducted a series of 
finite element simulations to study bond behavior between the concrete slab and the 
base. They also performed a sensitivity analysis to investigate the effects of overlay and 
CRC pavement parameters, such as elastic modulus, thickness, coefficient of thermal 
expansion and percent reinforcement, on the interfacial shear and normal stresses. They 
have incorporated their mechanistic model into the HIPERBOND software developed 
for the FHWA. Totsky [49] developed a model in which a multilayered system resting 
on subgrade was modelled as series of springs and plates where curling was analyzed 
iteratively. In this model, the springs that were in tension are removed as the pavement 
section curls allowing for the system to be reanalyzed to determine the equilibrium 
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condition. The removal of the interfacial springs during the solution process represented 
the layer separation. However, the presented model was not able to obtain curling and 
warping effects. Also, the bond between reinforcing steel bar and the concrete was 
simulated as a simple shear model which does not consider effect of cohesion.  
2.4. Fracture criteria for bonded structures 
End movements of a concrete slab consists of both contraction shrinkage and 
slab lift – off action. Such movements is accompanied with de-bonding of the slab from 
subgrade when the net induced climatically strain field in the concrete slab exceeds a 
critical value. In traditional models, de-bonding of the concrete slab from subbase is 
considered as a simple friction model which does not consider effect of cohesion 
between the concrete and the subbase. However, a sophisticated model should be able to 
take into account both tensile and shear stress components at the interfaces. The 
interfacial fracture mechanics can be utilized to simulate de-bonding at the interface 
under combined shear/ tensile stresses at the interface. The process of crack initiation 
and propagation at the interface of two dissimilar materials has widely been studied in 
the past [50 – 59]. Depending on the bond strength, the mechanism of interfacial crack 
propagation can be classified into two types: strong interfaces, and weak interfaces. In 
strong interfaces, the crack kinks into the weaker material, and for weak bonds, the 
interface crack propagates through the interface. The fracture criteria for strong and 
weak interfaces are different from each other. For strong interfaces, fracture criteria 
deals with material properties of both bonded materials. However, for weak interfaces, 
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the strength of the bond itself is more important than mechanical properties of the each 
material. There are many published works in the literature by the previous researchers on 
the study of crack propagation at strong interfaces. He and Hutchinson [50], presented an 
energy based framework for crack propagation at the interface of two dissimilar elastic 
solids. Hurd et al. [51] studied the mechanism of fracture at the strong interface of 
silicon and glass.  They measured the mode I fracture toughness and kinking angles 
using a compact tension test specimen. Martinet al. [52] carried out an asymptotic 
analysis to model the mechanism of deflection of a crack at an interface in a brittle bi-
material system. Using the energy release rate concept, they found that in the case of a 
stationary crack impinging perpendicularly on the interface and submitted to progressive 
loading, the energy criterion depends on the elastic mismatch of the bi-material 
constituents and the ratio of the crack extensions in the deflected and the penetrated 
directions. Evans et al. [53] studied fracture energy of a bi-material system and found 
that the fracture energy is not unique and usually exhibits values substantially larger than 
the thermodynamic work of adhesion. Mirsayar [55] recently proposed a new stress-
based fracture criterion for crack kinking out of the interface which can be applied for 
bonded structures with strong interfaces. He found that not only the singular stress terms, 
but also the first non-singular stress term of the asymptotic series expansion influences 
on the fracture behavior of interface bonds.  
One can also find a lot of published works in the literature for analysis of bond 
behavior of weak interfaces [56 – 62]. Fernlund and Spelt [56] proposed a new jig for 
mixed mode fracture testing of adhesively bonded joints and conducted a set of fracture 
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tests on different bonded structures to obtain their fracture toughness. Campilho et al. 
[57] studied the ability of extended finite element method to predict the fracture behavior 
of thin layers of adhesive between stiff and compliant adherends. Choupani and his 
coworkers [60 – 62] investigated the mixed mode crack propagation in adhesively 
bonded joints, made of various combination of the materials, experimentally.  
The type of the specimen has always been an important factor for conducting 
research on the fracture properties of different materials. There are some important 
factors which are needed to be considered for choosing a fracture test specimen. A 
fracture test specimen should be: (1) manufactured easily, (2) should be able to be 
loaded easily, and (3) cover all loading configurations from pure mode I (opening mode) 
to pure mode II (sliding mode). However, many of the fracture tests proposed by the 
previous researchers are not able to cover all mixed mode conditions. One can find 
several fracture test specimens in the literature such as compact tension (CT), three point 
bend (3PB), four point bend (4PB), Brazilian disk (BD), semicircular bend (SCB), and 
double cantilever beam (DCB). Some of them, like BD, can cover form pure mode I to 
pure mode II conditions. However, for a bi-material system, we can rarely find a 
specimen in the literature satisfying all three conditions mentioned above for a proper 
fracture test specimen. One of the aims of the current research is to develop a new 
specimen covering different mixed mode conditions from pure mode I to pure mode II 
for an interface crack.  
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2.5. Summary of the review 
According to the field observations, a concrete slab on certain types of bases are 
bonded together and as a result, cracks initiate and propagate through the interface 
during the slab shrinkage. In the central portions of a slab, the interface is likely fully 
bonded either due to chemical adhesion or high frictional restraint or both.  These 
conditions often exist in push-off or lab friction tests which have been common methods 
to measure the coefficient of friction but are frequently plagued by shear failure planes 
forming in the matrix of the subbase layer complicating the determination of the friction 
values (see Figure 2-1a). The adhesive aspects of interfacial resistance have largely been 
thought to be a factor during construction where it has on occasion been the source of 
cracking problems.  If the mechanical and/or adhesive resistance is too high initially, 
random cracking may be initiated at the bottom rather than the top of the slab during the 
early life of a jointed pavement – which is often a problem associated with the control of 
cracking during sawcutting operations since the notches are placed at the surface of the 
pavement.  High bond resistance can also be a problem in CRC pavement construction 
(see Figure 2-1b) but in a sense opposite of what happens in jointed pavement 
construction where cracking development is inhibited too much.  
Depending on the material properties of the subbase layer, the interface crack 
may kink into one of the materials (strong interface) or propagate through the interface 
(weak interface). Both cases could happen depending on the degree of bond between 
subbase and concrete slab. As will be described later, the possibility of crack 
propagation through the interface increases at lower temperatures for a given concrete 
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slab/ subbase structure. Also, the fracture criteria for evaluation of the interfacial crack 
propagation are different for weak and strong interfaces. 
 
(a) 
 
(b) 
 
Figure 2-1. (a) Example of shear failure below the slab/subase interface (b) Partial-depth 
cracking in a longitudinal segment of CRC pavement. 
 
The previous methods for bond behavior assumes that slab and subgrade are 
sliding with respect to each other and do not take into account the effect of interface 
crack in their bond model. However, the cracks developed at the interface of subbase 
layer and concrete slab cause to the stress concentration which influences on the 
delamination behavior, and can be addressed by the interfacial fracture mechanics.  
As discussed in the literature review, a proper criterion has not been developed 
so far to investigate bond behavior between concrete slab and subbase. One of the goals 
of the current dissertation is to find a suitable fracture criterion to address the fracture 
behavior of the interface bond between concrete slab and the base layer. 
In this dissertation, the aim is to address end movements in slabs (placed on the 
subgrade) utilizing interfacial fracture mechanics concepts. The slab displacements and 
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stresses due to the net environmental loading as well as the bond behavior between 
concrete slab and subbase layer is evaluated using finite element simulations. Some 
comments and modifications are also given and discussed for the previous simplified 
closed form solutions. This dissertation particularly investigates the bond slip between 
the concrete slab and subbase layer. The effect of slab lift-off is taken into account 
which has not been considered in previous works. The effects of materials property, 
geometry, reinforcing steel bar, and curing conditions on the bond slip between slab and 
subbase will be studied in this approach. The results of this research would be useful for 
design optimization of the slab/ subbase structures at different climatic conditions. 
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3. INTERFACIAL FRACTURE CRITERIA* 
  
3.1. Introduction 
Bi-material joints such as composite/ metal, ceramic/ metal, and ceramic/ 
ceramic materials are extensively used in many industrial applications. Some well-
known examples are: the silicon carbide/ titanium (Sic/ Ti) fasteners in aircrafts [63], 
silicon/ glass joints in micro-electro-mechanical systems (MEMS) [64], fiber/ matrix 
joints in composite structures [65 – 67], pavement structures [45 – 47], and rock/ 
concrete interfaces in dams [68]. In structures containing bi-material joints, the existence 
of cracks at the interface is inevitable because of the high local stress rise resulting from 
material discontinuity and/ or geometrical conditions. These interface cracks can be 
created during both the bonding process and service life of the structures. The presence 
of cracks in structures containing such bi-material joints significantly influences load 
bearing capacity and may finally result in detachment. Therefore, the fracture behavior 
of bi-material cracks is an important issue. Under external mechanical and/ or thermal 
loading condition, interface cracks may grow through the interface or kink into one of 
the materials. When an interface bond is strong, for instance, silicon/ glass anodic bonds 
in MEMS, the crack may kink into one of the materials instead of growing through the 
interface. In fact, as the bi-material cracks are often subjected to mixed mode (opening 
and sliding) loading conditions, the crack growth is most likely to propagate into one of 
                                                 
* Part of the results reported in this section are reprinted with permission from “On fracture of kinked 
interface cracks–The role of T-stress” by MM Mirsayar, 2014. Materials & Design, 61, 117-123, 
Copyright 2014 by Elsevier and “The role of T-stress on kinking angle of interface cracks” by MM 
Mirsayar and P. Park, 2015. Materials & Design, 80, 12-19, Copyright 2015 by Elsevier. 
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the materials. The prediction of the crack propagation direction is essential to understand 
the fracture behavior of the bi-material joints subjected to the mixed loading conditions. 
For strong interfaces, different fracture criteria are proposed so far based on energy 
release rate concept, and tangential stress concept as discussed in the followings.  
Several fracture criteria have been suggested for evaluating fracture behavior of 
notches and cracks in homogeneous bodies as well as interface cracks existing between 
two dissimilar materials [69 – 78]. A recent and comprehensive review on brittle fracture 
criteria can be found in Breto and Lazzarin [71]. In agreement with the pioneering work 
done by Williams [69] for the interface crack, Dempsey and Sinclair [70] studied the 
stress singularities in the plane elasticity of the composite wedge. Strain energy release 
rate, is one of the popular choices as a fracture parameter to characterize the fracture of 
bi-material cracks [79 – 81]. However, the strain energy release rate is not able to show 
the participation of each fracture mode (opening, mode I and sliding, mode II) as well as 
the T-stress clearly. Yuuki and Xu [82] have suggested a fracture criterion for bi-
material cracks based on maximum tangential stress (MTS) concept. According to their 
proposed criterion, a mixed mode crack at a bi-material interface propagates in the 
direction, at where the tangential stress reaches its maximum value. They have indicated 
that MTS criterion, which had been used previously for simple crack (cracks in 
homogeneous media) [83], is capable of successfully predicting the fracture behavior of 
bi-material cracks. The advantages of their criterion to the previous ones was its 
simplicity and the ability of considering the role of each fracture mode separately. 
Nevertheless, their criterion was limited to special combination of materials (specific 
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ranges of bi-material constant, ). In addition, they only used the singular solution (the 
terms associated with stress intensity factors), and did not consider the effect of the T-
stress (first non-singular stress term) and higher order terms.  
Recent studies on notches and cracks in homogeneous bodies or bi-material 
interfaces have shown that the first non-singular stress term of elastic stress field can 
play an important role in stress distribution and fracture behavior at the vicinity of such 
sharp corners [84 – 92]. For example, Smith et al. [89] revisited the MTS criterion for 
homogeneous cracks, and studied the effect of the first non-singular stress term of the 
elastic stress field (T-stress) on the fracture initiation angle and fracture load. They have 
shown that the T-stress has an important role in the fracture initiation angle as well as 
the fracture load, and neglecting this term may cause significant error in using of the 
MTS criterion. For bi-material cracks, Dreier and Schmauder [90] presented an 
analytical equation for calculation of the T-stress due to the thermal residual stresses. Li 
and Xu [91] also studied the variation of T-stress before and after kinking of a bi-
material crack between two elastic solids. Nevertheless, a stress-based fracture criterion 
considering the effect of T-stress for a bi-material crack tip has not been suggested until 
Mirsayar [93]. As a part of the current section, the criterion suggested by Mirsayar [93] 
will be presented. 
In all criteria mentioned above, the interface is assumed to be strong enough so 
that the cracks kink into one of the materials instead of propagating through the 
interface. For a weak interface, where the bond strength is weaker than ultimate strength 
of each bonded materials, an interface crack propagates through the interface instead of 
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kinking into one of the materials. There are very limited mechanistic based fracture 
criteria in the literature addressing the interfacial de-bonding of weak interfaces. One of 
the most popular criteria for weak interfaces is the critical stress intensity factor. For 
mixed mode conditions, this criterion can be written in form of a power law equation. 
This criterion has widely been used by many researchers so far to investigate bond 
strength of many engineering materials [60 – 62]. This section of the dissertation deals 
with different fracture criteria for both strong and weak interfaces. Also, a new stress 
based fracture criterion is presented for evaluation of the experimental data for strong 
interfaces.  
3.2. Fracture criteria for strong interfaces 
3.2.1. General remarks 
A typical bi-material interface crack between two homogeneous and isotropic 
elastic solids with three possible fracture paths is illustrated in Figure 3-1. The elastic 
stress field in the vicinity of the bi-material crack tip can be represented as [94]: 
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where, m=1, 2 denotes material number, r and θ are the variables of the polar coordinate 
with the origin at the crack tip. )(mrr ,
)(m
 , and 
)(m
r are the radial, tangential, and shear 
stresses of the material m, respectively. The parameter L is a characteristic length [95, 
96], and R(m) is the material parameter defined as follows: 
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(3.2) 
where, Gm is the shear modulus, the parameter m equals 3-4νm for plane strain condition 
and (3-νm)/(1+νm) for plane stress condition, and νm is Poison’s ratio. The bi-material 
constant,  is defined as: 
(3.3) 
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Figure 3-1. Configuration of a bi-material interface crack between two homogeneous 
and isotropic elastic solids. 
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The parameters frr, fand frin Eq. (3.1) are known functions of  Lr /ln ,  and  (see 
appendix A for more details). The coefficients KI and KII are stress intensity factors 
associated with the mode I (opening and mode II (sliding), respectively, and T is the T-
stress. The first and the second terms represent the singular stress field 
(when  )/1(0 rr ) and, the T – stress is the first nonsingular stress term. 
The general form of the mixed mode brittle fracture criteria is presented in Eq. 
(3.4), since the elastic stress, strain and displacement field around crack tip can generally 
be controlled by KI, KII, the higher order terms (H.O.T), and material properties.  



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CrTOHKKh
rTOHKKg
III
III
),,..,,(
),,..,,(0


 
(3.4) 
where, 0 and C are direction of the crack propagation and a critical value of the material 
constant (critical stress/ strain/ initiation energy), respectively and h and g are functions 
to be determined. It will be shown later in this dissertation that the term corresponding to 
the T parameter plays the most important role in the brittle fracture behavior of the 
materials, and the higher order terms can be neglected in most cases. It should be noted 
that pure modes and mixed mode conditions are special cases of Eq. (3.1) and also, the T 
parameter is not considered in traditional criteria. In the following, the minimum strain 
energy density (SED) criterion, the maximum energy release rate (G) criterion, the 
maximum tangential stress (MTS) criterion, and the maximum tangential strain (MTSN) 
criterion are briefly explained. Then, the MTS criterion is described in more detail, and 
finally, a modified version of MTS is presented which can provide more accurate 
predictions of the fracture test data. 
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3.2.2. Minimum strain energy density (SED) criterion 
The SED criterion was first proposed by Sih [83] for a crack problem in a 
homogeneous media and claims that the crack propagates in direction where the strain 
energy density, S, reaches its minimum value. The strain energy density around the crack 
tip can be given as; 
(3.5) 1
2
ij ij
S
W
r
    
where, ij  and ij (i,j = r,) are the stress and strain components, respectively. The 
criterion can be presented as shown in Eq. (3.6) and (3.7). 
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where SC is the critical value of the strain energy density factor. For an interface crack, 
however, the crack kinks into the weaker material (material m) for strong interfaces. The 
strain energy density can then be expressed in terms of the stress components as; 
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(3.8) 
Where, (m) equals to 3 – 4m and (3 – m)/ (1 + m), for plane strain and plane stress, 
respectively. The traditional SED criterion only considers singular stress terms which are 
corresponding to KI and KII. 
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3.2.3. Maximum energy release rate (G) criterion 
The energy release rate can be expressed in form of the Eq. (3.9) if one assumes 
that crack propagates a unit length along its extension. 
 
])()[(
1 22
* III
KK
E
G   
(3.9) 
where EE *  for plane stress conditions, and )1/( 2*  EE for plane strain 
conditions. However, the crack does not propagate along its extension line under mixed 
mode condition. The modified version of this criterion was then suggested by Hussain et 
al. [97] by omitting this limitation. The modified criterion states that fracture occurs at 
the crack tip in direction where the energy release rate reaches its maximum. The 
proposed criterion by Hussain et al. [97], is based on the released energy when a crack 
propagates a kinked unit length, under mixed mode conditions. The criterion can be 
presented as; 
(3.10) 
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However, the calculation of the G  parameter is not an easy task. The G  parameter can 
be expressed as Eq. (3.11) if the crack propagates in direction of  from crack tip in a 
unit length of a. 
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where, ( , )k k r  is the opening displacement of the kinked crack face in k direction. 
It can be shown that the close form mathematical expression for G is nearly impossible 
and may lead to lose its physical meaning when 0a  . Because the G parameter can 
only be calculated using a huge numerical analysis, many of researches prefer to use 
expression given in Eq. (3.11) when 0a  . Although the concept is presented for 
homogeneous media, it can be extended for a bi-material crack problem if we use stress 
field given in Eq. (3.1). The concept of G criterion can also successfully describe 
delamination problem if the interface crack does not kink into the materials (weak 
interfaces).  
3.2.4. Maximum tangential stress (MTS) criterion 
According to the MTS criterion, an interface crack propagates in the direction 
where the tangential stress 
)(m
  reaches its critical value 
)(m
C  at a critical distance of 
)(m
cr from crack tip [82, 83]. The critical distance,
)(m
cr , defines the size of crack process 
zone in brittle materials, and is known to be a material property independent from 
loading and boundary conditions. The critical distance, 
)(m
cr , is defined as follows [95, 
96]: 
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K
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 (3.12) 
where, 
)(m
C  and 
)(m
ICK are the tensile strength and mode I fracture toughness of material 
m, respectively. It is worth mentioning that in some models, the physical length scale is 
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related to the microstructure of the materials (such as grain size or inclusion spacing). 
However, these micromechanistic models are not considered in the form of presented in 
Eq. (3.12) and the length scale used for this equation utilizes continuum mechanics 
models [96]. 
According to the MTS criterion, the direction of crack propagation,
)(
0
m , at where 
)(m
  becomes maximum, can be determined from the following conditions: 
 
 
 
 
(3.13) 
By applying these conditions to the extended form of tangential stress, 
)(m
 , described in 
Eq. (3.1), the kinking angle, 
)(
0
m , can be obtained as shown in Eq. (3.14): 
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 (3.14) 
 
Using Eq. (3.1) and substituting only singular stress terms into Eq. (3.14), one 
can find the relationship between stress intensity factors at onset of fracture initiation 
with the critical tangential stress as: 
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The parameters 
)(
1_
mf and
)(
2_
mf should be defined at 
)(
0
m  (see appendix A). The left 
hand side of the Eq. (3.15) equals to mode I fracture toughness, )(mICK , of each material 
based on linear elastic fracture mechanics concept (see Eq. (3.12)). Therefore, the Eq. 
(3.15) could be rewritten as Eq. (3.16) to represent the MTS criterion for bi-material 
cracks. 
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(3.16) 
3.2.5. Maximum tangential strain (MTSN) criterion 
The MTSN criterion, states that crack propagates in the direction, 0, where the 
tangential strain, , reaches its maximum value, T , at a critical distance, rc, from the 
crack tip. The criterion was first proposed by Chang [98] for homogeneous media, but it 
could simply be represented for an interface crack as: 
(3.17) 
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Where, T is the tensile fracture strength and E(m) is Young’s modulus of the material m. 
The critical distance 
)(m
cr has the same expression as given in Eq. (3.12). The linear 
elastic relationship between the tangential strain and stress components is: 
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(3.19) 
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where m is the Poisson’s ratio of the material m. It is clear from Eq. (3.19) that the 
predictions based on MTSN criterion coincide with those based on MTS criterion when 
 = 0, mathematically. 
3.3. Modified MTS (MMTS) criterion 
A modified version of the MTS, named the MMTS [55], criterion is outlined here 
by considering the effect of T-stress in the bi-material crack stress field. First, the MTS 
criterion is reformulated and the role of T-stress on fracture initiation angle and fracture 
toughness is studied mathematically. Then, the MTS and MMTS are compared with 
each other in prediction of the fracture test data. 
3.3.1. Formulations 
By considering the effect of T-stress as well as the singular stress field given in 
Eq. (3.1), the conventional MTS criterion can be reformulated. The crack propagation 
angle in material m can be obtained from the following process by taking into account 
the effect of T-stress term: 
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    (3.20) 
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In order to normalize the effects of T-stress and each fracture mode (KI and KII), the Eq. 
(3.20) can be rewritten as: 
0)2sin(
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(3.21) 
where, Keff ,the effective stress intensity factor, and the parameters (m) and B are defined 
as:  
22
IIIeff KKK   
(3.22) 
effK
aT
B

  
(3.23) 
a
r mcm
)(
)( 2  
(3.24) 
The parameter a is the crack length for edge cracks and semi-crack length for center 
cracks. Therefore, one can obtain the kinking angle by substituting the known 
parameters KI, KII and T-stress into the Eq. (3.21). The crack parameters KI, KII and T 
can be obtained by using different numerical methods [54, 85]. 
By taking into account the effect of T-stress, the Eq. (3.15) can also be changed 
to the following equation to obtain mixed mode fracture toughness; 
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The parameters 
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(see appendix A). The Eq. (3.26) could also be rewritten in terms of non-dimensional 
parameters as: 
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(3.26) 
Equations (3.21) and (3.26) represent MMTS criterion for prediction of the kinking 
angle and mixed mode interfacial fracture toughness, respectively. 
3.3.2. The role of T-stress 
Figure 3-2 shows the variation of the crack kinking angle with Me, the mode 
mixity, and B1 which represents T-stress effects. The mode mixity, Me, represents the 
participation of each fracture mode, and is given as: 
(3.27) 
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Therefore, Me = 1 for pure opening mode (mode I) and Me = 0 for pure sliding 
mode (mode II). In order to show the effect of T-stress in Figure 3-2, it is typically 
assumed that crack propagates into material-1. The same trend would be obtained if 
material 2 were selected instead of material 1. The dimensionless parameter B(m) 
reflects the distribution of the T-stress in tangential stress field around the bi-material 
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crack tip. The range of B is arbitrarily selected to be -0.6 < B < 0.345. The 
material parameter R(1) and bi-material constant  are selected to be 3 and -0.05, 
respectively. Since < 0, the material-1 is stiffer than material-2. The ranges of 
B, R(1), and  are determined to be reasonable by referring the previously published 
experimental data [82, 89, 99, and 100]. 
The solid line in Figure 3-2 is the case of B = 0, i.e., there is no T-stress. This 
means that the solid line is identical to the kinking angle predicted by the traditional 
MTS criterion, while the dotted lines are the predictions considering the non-zero T-
stress. The significant differences between the solid and dotted lines in Figure 3-2 
demonstrate that neglecting the T-stress will result in significant errors in predicting the 
kinking angle. Furthermore, the kinking angle increases for positive values of T-stress 
(correspondingly the positive B), and conversely decreases for negative values of T-
stress. It is also notable that the effect of T-stress on kinking angle decreases as the mode 
of loading approaches to pure opening mode (mode I, Me→1), while the T-stress has 
considerable influences in pure sliding mode (mode II, Me→1). 
 
 41 
 
 
 = - 0.05
R
(1)
 = 3 
Mixity Parameter, M
e
 = (2/)tan
-1
 (K
I
 / K
II
) 
0.0 0.2 0.4 0.6 0.8 1.0
K
i n
k
in
g
 a
n
g
le
, 

0
 (
d
e
g
r
e
e
s)
0
20
40
60
80
B.
(1)
 = -0.6 
B.
(1)
 = -0.3 
B.
(1)
 = 0
B.
(1)
 = 0.2 
B.
(1)
 = 0.345
 
Figure 3-2. Effect of T-stress on kinking angle in material-1. 
 
The effect of T-stress on mixed mode fracture toughness of a bi-material crack 
is also illustrated in Figure 3-3. Again, it is arbitrary assumed that crack propagates 
into material-1. The dimensionless parameter B is also selected arbitrary within 
the range of - 0.4<B< 0.12 to cover an applicable range of experimental data. The 
material parameter R(1) and bi-material constant  are selected as 5 and 0.05 
respectively. For each value of B, fracture occurs in the area restricted between the 
coordinate axes and the corresponding curve. 
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Figure 3-3. Effect of T-stress on mixed mode fracture toughness (it is assumed that 
the crack propagates into the material-1). 
 
It can be seen that the fracture loci significantly vary with the magnitude and 
sign of T-stress (parameter B).Furthermore, it is seen that the predicted fracture 
toughness decreases for positive values of T-stress and conversely increase for 
negative values of T-stress. It is also notable to be mentioned when KII approaches 
zero (pure mode I condition) the T-stress has no influence and when KI approaches to 
zero there are always considerable errors for MTS predictions. 
 
 
 43 
 
 
3.3.3. Calculation of the stress field parameters 
In order to apply the MMTS criterion, the crack tip stress field parameters 
such as the stress intensity factors (KI and KII) and T-stress are needed to be 
calculated. For some geometries, at which the closed form solutions are not available, 
a finite element analysis is a useful tool to determine those parameters. In the 
presented study, the finite element over-deterministic (FEOD) method is used to find 
the stress intensity factors and T-stress for the three previous experiments that were 
simulated herein to validate the MMTS criterion. In this approach, the series solutions 
of displacement fields around the bi-material crack tip is fitted to a large number of 
nodal displacements obtained from the nodes surrounding the crack tip. 
Consequently, an over-determined set of linear equations is obtained, and the 
unknown coefficients in Eq. (3.1) are determined from the set of linear equations by 
employing the least square method. This method has also been successfully used to 
calculate the stress intensity factors and the coefficients of the higher order non-
singular terms of the stress fields in both single- and bi-material sharp notch problems 
[54, 84]. The major advantages of the over-deterministic method are its simplicity, 
high accuracy, and the ability to calculate the fracture parameters and stress field 
including singular and non-singular terms simultaneously. More details about this 
approach can be found in Ayatollahi et al. [54]. An example of typical finite element 
meshes used for simulation of bi-material edge cracked specimen used by Bowen and 
Knauss [99] and its expanded view of the crack tip elements are shown in Figure 3-4.  
 44 
 
 
 
 
 
Figure 3-4. A typical finite element mesh used for simulation of bi-material edge 
cracked test specimen used by Bowen and Knauss [99]. 
 
In the following, the MTS and MMTS criteria are compared with each other in 
prediction of the fracture test data for different bonded structures. As a part of procedure, 
the stress intensity factors as well as the T-stress were calculated using FEM. For each 
specimen, a very fine mesh was used in the region near the crack tip, like shown in Fig 
3-4 for edge cracked specimen, to reflect the high stress/strain gradient near the crack 
tip.  
3.3.4. Validation of the MMTS criterion, and discussion 
In order to validate the kinking angle and mixed mode fracture toughness 
predictions by MMTS criterion, three previously published set of data on bi-material 
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interface cracks are reexamined. The kinking angles and mixed mode fracture toughness 
are calculated using the MMTS criterion, and compared to the predictions by traditional 
criteria and experimental data. 
3.3.4.1. Prediction of the kinking angles 
 Case 1: Xie et al. [100]: 
Xie et al. [100] studied the fracture behavior of a bi-material joint made of a 
carbon fiber reinforced composite and steel sheet and glued by epoxy using DCB 
specimens. The bi-material crack was embedded at the steel/ epoxy interface as 
illustrated in Figure 3-5. 
 
 
Figure 3-5. DCB specimen containing a bi-material crack at the epoxy/ steel interface 
tested by Xie et al. [100]. 
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The elastic properties of each material are given in Table 3-1. They conducted 
a set of experiments on the DCB specimens under different loading conditions to 
study the fracture load and kinking angles of the interfacial crack. They observed that 
the interface cracks sometimes kink into the epoxy part with different kinking angles 
under different loading conditions. The dimensionless material parameters  and R(1) 
are calculated to be 0.072 and 136.63, respectively, according to the material 
properties given in Table 3-1. 
 
Table 3-1. The elastic properties of the materials in the DCB specimen [100]. 
Poisson’s ratio,  Young’s modulus, E (MPa) Material 
0.23 
0.35 
0.29 
52,740 
3,694.9 
207,000 
Composite 
Adhesive (epoxy) 
Steel 
 
Figure 3-6 shows the variations of normalized tangential stress in epoxy part 
of the DCB specimen (F1 = F2) versus the angle  at a circular path along the critical 
distance rc = 0.05 mm from the crack tip. It is seen that a considerable discrepancy 
exists between the stress distributions reconstructed by MTS criterion and directly 
from FE results. On the other hand, the stress distribution obtained from MMTS 
criterion shows a very good coincidence with the FE analysis. As seen from Fig. 3-6, 
because of the positive values of T-stress, the MTS criterion provides lower values of 
tangential stress than the MMTS criterion. For this case, the kinking angles 
(corresponding to maximum tangential stress) obtained by FE analysis, MMTS, and 
MTS are 65.8o, 65.1o and 39.9o, respectively. 
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Figure 3-6. Variation of normalized tangential stress versus  in epoxy part of the 
DCB specimen at a circular path of radius r = rc = 0.05 mm from the crack tip. 
 
Figure 3-7 shows the variations of the normalized tangential stress in epoxy part 
of the DCB specimen (F = F1 = F2) along the radial direction at the angle  = 0 = 65.8o, 
which corresponds to the angle of maximum tangential stress at the radial distance of 
0.05 mm from crack tip. The normalized tangential stress is calculated by three different 
methods: a) closed form solution using only the singular stress terms of Eq. (3.1) – dash-
dot line in Figure 3-7, b) closed form solution using the singular terms and the T-stress 
term of Eq. (3.1) – solid line, and c) finite element solution – cross symbol. With highly 
refined mesh around the crack tip (Figure 3-4), the finite element simulation is 
considered to be a solution including the effect of singular terms as well as higher order 
terms (including T-stress term). The gap between the solid and dash-dot lines in Figure 
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3-7 clearly shows that the T-stress significantly influences on the stress field near the 
critical distance of the bi-material crack tip. On the other hand, the solid line and cross 
symbol in Figure 3-7 are almost identical to each other in this range. This implies that 
the higher nonsingular stress terms have no effect on the stress distribution for radial 
distances less than 0.1 mm from crack tip. Indeed, the effect of the higher order terms 
would become more important when estimating far field stress. However, brittle cracks 
propagation is governed by the tangential stress at the critical distance from the crack tip 
(r = 0.05mm for epoxy), and hence, the effects of higher order terms can be neglected. It 
can be concluded that considering the first T-stress term and singular terms are sufficient 
for prediction of brittle crack propagation. It is also seen from Figure 3-7 that the T-
stress smoothly varies around the critical distance, which shows that the T-stress 
calculation in this range is stable. 
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Figure 3-7. Variation of normalized tangential stress versus radial distance in epoxy 
part of the DCB specimen along = 65.8o. 
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Table 3-2 shows the mode mixity parameter, Me and the normalized T-stress 
parameter, B(1) for two samples of the DCB specimens obtained by the FE 
simulation and the experimental values given in Xie et al. [100]. The critical distance 
rc for epoxy is assumed to be 0.05 mm according to the material properties given in 
Kawaguchi and Pearson [101]. For the given loading conditions, the bi-material 
cracks kink into the epoxy part (material-1). 
Table 3-2. Values of Me and B(1) from FE simulation compared to the 
experimental data [100]. 
B Me (test results) Me (FE simulation) F2/F1 
0.327 
0.341 
0.572 
0.332 
0.564 
0.312 
-1 
0 
 
The values of the kinking angles reported by Xie et al. [100] versus different Me 
are illustrated in Figure 3-8. They used the maximum strain energy release rate criterion 
for prediction of the kinking angles. The kinking angles obtained by MTS and MMTS 
criteria are compared to the experimental and predicted data by Xie et al. [100] in Fig. 7. 
The values of T-stress are positive for all test cases, and as a result, the traditional MTS 
criterion predicted the kinking angles lower than the MMTS criterion. Figure 3-8 clearly 
shows that the MMTS criterion estimates the kinking angles more accurately than the 
traditional MTS and the maximum strain energy release rate criteria. Figure 3-8 also 
shows that the maximum energy release rate criterion does not provide a reasonable 
estimation of the kinking angles when compared to the MTS and MMTS criteria. 
 
 
 50 
 
 
 
Figure 3-8. Variation of the kinking angle, 0, with mode mixity, Me, for the DCB test 
specimen. The experimental data [100] are compared to the different fracture criteria. 
 
 Case 2: Bowen and Knauss [99] 
Bowen and Knauss [99] studied the fracture behavior of bi-material cracks 
existing at the interface of Solithane 55-45 and Solithane 45-55 experimentally. 
Solithane is a castable polyurethane elastomer used as an adhesive agent. The rigidity of 
Solithane can be controlled by changing the ratio of polymer and curative. In the bi-
material block tested by Bowen and Knauss, Solithane 55-45 is a relatively hard material 
when compared to Solithane 45-55. The elastic material property of Solithane 55-45 and 
Solithane 45-55 are given in Table 3-3. They have conducted their tests using edge 
cracked specimens illustrated in Figure 3-9, at both 20 oC and 60 oC. Their experimental 
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results indicated that bi-material cracks may propagate through interface or may kink 
into one of the materials as the mode mixity varies [99].  
Figure 3-10 compares the kinking angles obtained from the room temperature 
tests by Bowen and Knauss [99] with the kinking angle versus mode mixity curves 
calculated by the traditional MTS and suggested MMTS criteria. The material 
parameters  and R(1) are calculated -0.039 and 3.38, respectively, and the critical 
distance for Solithane 55-45 is assumed to be rc = 0.1 mm. 
 
 
Figure 3-9. The bi-material edge cracked test specimen used by Bowen and Knauss [99]. 
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Table 3-3. The elastic properties of the materials in the bi-material edge cracked test 
specimens [99]. 
Poisson’s ratio,  Young’s modulus, E (MPa) Material 
0.499 
0.499 
3.44 
1.20 
Material 1: Solithane 55-45 
Material 2: Solithane 45-55 
 
 
Figure 3-10. The variation of the kinking angle, 0, with mode mixity parameter Me: the 
simulations by the MTS and MMTS criteria are compared to the test results by Bowen 
and Knauss [99]. 
 
The tests of Bowen and Knauss [99] were simulated using FE analysis in plane 
stress condition, and the T-stress and stress intensity factors were calculated. Table 3-4 
shows two sample data of the mode mixity parameter, Me and the normalized T-stress 
 53 
 
 
parameter, B(1) of the DCB specimens obtained by the FE simulation and the 
experimental values given in Bowen and Knauss [99]. 
 
Table 3-4. Values of Me and B(1) from FE simulation compared to the 
experimental data [99]. 
B Me (test results) Me (FE simulation) Specimen 
- 0.311 
- 0.327 
0.694 
0.206 
0.672 
0.216 
W11/8 
W11/11 
 
Figure 3-10 clearly shows that the MMTS criterion predicts the kinking angle 
with higher accuracy than the traditional MTS criterion. While the kinking angle 
measured experimentally by Xie et al. [100] are consistently higher than the prediction 
by the MTS criterion, the test data obtained from Bowen and Knauss [99] are always 
lower than the prediction by the MTS criterion. The suggested MMTS criterion provides 
a good explanation on this trend. As compared in Figure 3-2, the kinking angle increases 
when the T-stress is positive (tension), and decreases when the T-stress in negative 
(compression). As the T-stress in Figure 10-3 has a negative value, the experimentally 
measured kinking angles are lower than the prediction by the MTS criterion, but show 
good agreement with the prediction by the MMTS criterion. 
 Case 3: Yuuki and Xu [82] 
Yuuki and Xu [82] have carried out a set of mixed mode fracture tests using a 
circular disk specimen containing a crack at the aluminum-epoxy bi-material interface as 
shown in Figure 3-11. The disk specimen was subjected to different loading angles, to 
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generate various mixed mode loadings ranging from mode I to mode II. The elastic 
properties of the aluminum and epoxy are given in Table 5.  
 
 
Figure 3-11. The circular disk specimen with a bi-material crack at aluminum/ epoxy 
interface used by Yuuki and Xu [82]. (The disk thickness, h = 5mm). 
 
 
Table 3-5. The elastic properties of the materials in circular disk specimen [82]. 
Poisson’s ratio,  Young’s modulus, E (MPa) Material 
0.37 
0.38 
72,520 
2,900 
Aluminum 
Epoxy 
 
The variation of the kinking angle with Me (loading angle,  =13o, 15o, and 17o) 
measured by Yuuki and Xu [82] are illustrated in Figure 3-12. The material parameters  
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and R(1) are calculated to be 0.057 and 64.64, respectively, and the critical distance, rc = 
0.05 mm is assumed for epoxy part (material-1) [101].  
 
 
Figure 3-12. Variation of the kinking angle, 0, with mode mixity, Me, for the circular 
disk specimens. The experimental data [82] are compared to the predictions by the MTS 
and MMTS criteria. 
 
Two sample values of mode mixity parameter and B obtained from the FE simulation 
and the test data [82] are given in Table 3-6. 
 
Table 3-6. Values of Me and B(1) from FE simulation compared to the experimental 
data [82]. 
B Me (test results) Me (FE simulation)  (degrees) 
0.0482 
0.0515 
0.328 
0.272 
0.334 
0.264 
13 
17 
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The numerical simulation indicates that the T-stress values are positive for 0.1 < 
Me < 0.5 as shown in Figure 3-12. Therefore, the traditional MTS criterion provides 
lower predictions than MMTS criterion for kinking angles. Again, the MMTS criterion 
predicts the experimental results better than the traditional MTS criterion. 
As shown in Figures 3-8, 3-10, and 3-12, the applications of the MMTS criterion 
to three previously published set of data show that the kinking angle of the bi-material 
interface crack is significantly influenced by the T-stress, and by considering the role of 
the T-stress, the MMTS criterion is capable of more accurate estimation of the kinking 
angle than the traditional MTS criterion. 
3.3.4.2. Prediction of the fracture toughness  
In addition to the kinking angles, Yuuki and Xu [82] have obtained the interfacial 
mixed mode fracture toughness of Al/ epoxy bonded joints using the same specimen 
shown in Figure 3-11. The predicted fracture loci using both MTS and MMTS criteria 
are illustrated in Figure 3-13 in comparison with the experimental data. As the crack 
kinks into the epoxy part, the material property of epoxy (material 1) is used to plot the 
MMTS curve (KIC = 0.78 MPa.m^0.5 and rc = 0.05mm) [82]. The MMTS prediction is 
plotted in different loading conditions. The numerical simulation indicate that the T-
stress is positive in all mixed mode conditions, as shown in Table 3-6, for  = 13o, 15o 
and 17o. As a result, the estimated mixed mode fracture toughness data by MTS criterion 
are greater than those of estimated by MMTS criterion. It also could be seen that the 
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MMTS criterion provides more accurate prediction for experimental results than 
conventional MTS criterion. 
 
 
Figure 3-13. Experimental data for mixed mode fracture toughness in comparison with 
the MTS and MMTS predictions. 
 
3.4. Fracture criteria for weak interfaces 
As discussed above, for an interface crack problem, we have two types of 
fracture criteria which are developed for: “weak” interfaces and “strong” interfaces. 
Fracture criteria for strong interfaces were discussed above. The interfacial fracture 
criteria for weak interfaces will be discussed below. 
The interfacial fracture criteria for weak interfaces is still in need of 
development. However, the traditional concepts which are used for crack propagation in 
a homogeneous media can be applied to weak interfaces. For weak interfaces, mixed 
 58 
 
 
mode fracture energy results can be presented in several ways, including as plots of total 
fracture energy, as a function of mode mixity, and as fracture envelopes in which either 
stress intensity factors (K) or strain energy release rates (G) for mode I and mode II 
loading are plotted on the abscissa and ordinate axes, respectively. Functional forms 
have been used to express the fracture energy criteria such as [102, 103]: 
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(3.28) 
where (GI)C and (GII)C are the mode I and mode II components of the strain energy 
release rate at fracture, GIC and GIIC are the critical fracture energies for pure modes, and 
p and q are exponents. Since II GEK .
*  and IIII GEK .
* , where EE *  for plane 
stress conditions and )1/( 2*  EE  for plane strain conditions, the related expression 
for the stress intensity factors can be written as: 
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(3.29) 
The exponents may be chosen to form the best fit of experimental data or may be 
prescribed based on some assumed relationship. For example, if the critical fracture 
energy is assumed to depend only on the total fracture energy (GT = GI + GII) and not the 
mode mixity, p = q = 1, and GIC = GIIC. This results in squaring the stress intensity terms 
in Eq. (3.29), which being proportional to stress, provides a fracture criterion that is 
similar to the von Mises yield criterion. If p and q are both greater than, or equal to 
unity, the resulting criterion implies that the mixed mode fracture energies will be larger 
than the minimum of GIC and GIIC. In that case, the use of the minimum pure mode 
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fracture energy (Min (GIC, GIIC)) would be conservative for design purposes [60]. On the 
other hand, if p is less than unity, mixed mode fracture energies could be smaller than 
GIC, which is often the smallest pure mode fracture energy. 
Alternate forms for fracture envelope criterion have also been proposed [104, 
105], including [106]: 
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(3.30) 
This relationship involves a single interaction factor, Ii, which is zero if there is 
no interaction (GI / GIC =1 or GII / GIIC =1, corresponding to p→∞and q →∞) and unity 
if there is a simple addition (GI / GIC +GII / GIIC =1, corresponding to p =q =1) such that 
the total energy release rate controls the fracture. However, in many cases the interaction 
reduces the fracture energy, correspond with Ii < 1. 
In real bonds, criterion such as given above may be used to model fracture 
envelopes, but because they are phenomenological in nature, they typically cannot 
accurately represent results when changes in locus or type of fracture process occur. 
Mechanistically, shear stresses tend to drive cracks away from a path that is parallel to 
the bond planes, potentially steering cracks into regions of the material system where the 
energy dissipation associated with crack advance can change significantly. In some 
cases, the direction of the shear stress state in relation to the growing crack can steer the 
crack towards interfaces that are ‘weaker’, allowing the crack to propagate with less 
energy dissipation. In other cases, however, the crack can actually be steered to regions 
where greater energy dissipation occurs because of an improved interface or other 
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reasons. To understand the role that shear stress plays in determining the mode of 
failure, note that in homogeneous isotropic materials, cracks tend to propagate 
perpendicular to the direction of maximum tensile stress. In an adhesive joint subjected 
to a shear state, cracks within the adhesive layer have a tendency to grow toward one 
interface. Shear-dominated loading often results in interfacial failures or failures with 
less adhesive left on an interface [107, 108], although more complex hackle pattern 
failures have also been reported [109]. Also, some adhesive fracture envelopes are 
relatively smooth, permitting reasonable fits with phenomenological criteria, such as 
cited above.  
3.5. Modifications for viscoelastic media 
The elastic stress field around an interface crack can be expressed as Eq. (3.31), 
where the coefficients of the stress field are time-dependent: 
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(3.31) 
In a linear viscoelastic material, the stress and strain components satisfy the 
following constitutive equation: 
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Where J1(t) and J2(t) denote the creep compliance of shear and dilation, 
respectively. In terms of Laplace transforms with respect to time, the above equation can 
be expressed as: 
).()]()([
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(3.33) 
The Laplace transforms of the equilibrium equation of stress and compatibility 
equation are expressed as 
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(3.35) 
The viscoelastic coefficients can be expressed in Laplace transforms by the 
following relations: 
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Where cD and  are the Laplace transforms of the uniaxial creep compliance 
)(tDc and Poisson’s ratio )(t . Equations 3.33 – 3.36 provide the compatibility of stress 
as follows: 
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Therefore, the inverse Laplace transform of Eq. (3.37) is expressed as; 
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We can prescribe the stresses through the separated form 
),(),(),,( 0 tFyxtyx ijij    (3.39) 
and introduce the stress function as well as elastic analysis, 
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(3.40) 
By substituting Eq. (3.39) and (3.40) into Eq. (3.38), we can deduce that the 
stress function  must satisfy the following equation 
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(3.41) 
Eq. (3.41) states that the spatial distribution of stress field in viscoelastic 
materials determined by the stress function is the exactly the same as that in elastic 
materials. 
3.6. Summary and conclusions 
Different fracture criteria for strong and weak interfaces were studied in this 
section. For strong interfaces, different energy-based, stress-based, and strain based 
criteria were reviewed and discussed. The MMTS criterion was developed as a modified 
version of the conventional MTS criterion considering the role of T-stress. The effect of 
T-stress on mixed mode fracture toughness of bi-material cracks was studied 
analytically. The significant effect of T-stress was shown on the estimation of the 
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kinking angle and mixed mode fracture toughness. Then, the MMTS criterion was 
validated using the test results reported in the literature for different bonded materials 
and specimens. It was shown that the MMTS criterion provides more accurate prediction 
of experimental data than conventional MTS criterion for estimation of the mixed mode 
fracture toughness and kinking angles of bi-material cracks. It also should be noted the 
number of experimental dada reported in the literature for mixed mode fracture 
toughness of strong interfaces were limited. Although, no recommendation is currently 
given in standards for the faced problem, the results of this paper could be useful in 
standardization of the bi-material fracture tests. Criteria for interfacial crack propagation 
through weak bonds were also discussed. Finally, some required modifications were 
given for extension of the discussed ideas to a linear viscoelastic media. 
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4. A NEW TEST SPECIMEN FOR EVALUATION OF THE INTERFACIAL BOND 
STRENGTH 
 
4.1. Introduction 
Bi-material joints can be seen as a part of many industrial and engineering 
structures with application in civil engineering, electronic devices, automobiles and 
aircrafts [63, 64, 67, 68, 110, and 111]. At the interface of bi-material components, 
cracks may form during the service life of the structures. The interface cracks are often 
under mixed mode loading, because of the asymmetry in material properties at the 
interface, and they may propagate through the interface, or may kink into one of the 
materials in strong interfaces [64, 68 and 111]. 
Several theoretical and experimental methods have been suggested by 
researchers for exploring mixed mode brittle fracture. Since experimental fracture 
studies on real components are often expensive and difficult, researchers prefer to 
conduct their experiments using laboratory specimens. However, appropriate fracture 
criteria allow correlation of the experimental results obtained from laboratory specimens 
to fracturing in-field structures under their complex service loading conditions. Fracture 
criteria are needed to understand mechanism of crack initiation and propagation in 
structural materials under complex loads. In order to validate a fracture criterion, 
researchers have to conduct a series of experiments on appropriate test materials by 
using suitable test specimens. For mixed mode fracture experiments, a suitable test 
configuration should have simple geometry and loading conditions, an inexpensive 
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preparation procedure, convenient set up and the capability of addressing various 
combinations of mode I and mode II fracture. Some of the test configurations proposed 
in the literature for investigating mixed mode I/II fracture are briefly described here. 
Erdogan and Sih [83], Williams and Ewing [112] and Theocaris [113] used a 
rectangular plate containing an inclined center crack subjected to a uniform far tension 
field in their mixed mode fracture studies. Others employed asymmetrically loaded three 
or four-point bend specimens to investigate mixed mode brittle fracture [114– 121]. Disc 
type specimens including the centrally cracked Brazilian disk (BD) specimen and the 
semi-circular bend (SCB) specimen have been frequently employed for determining the 
mixed mode fracture resistance of various engineering materials such as rocks and 
polymers [122–130]. The compact tension-shear specimen [131–133] is another 
configuration used for mixed mode fracture experiments. Ewing et al. [134] made use of 
the inclined edge-crack plates subjected to far field tension and bending to study mixed 
mode fracture in polymeric materials. More recently Ayatollahi and Aliha [135] 
proposed a diagonally loaded square plate containing an inclined center crack for 
investigating mixed mode fracture behavior. In the above-mentioned studies, brittle 
fracture experiments have been conducted either on PMMA or other brittle or quasi-
brittle materials like ceramics and rocks. However, some of these specimens have certain 
shortcomings. For example, some of the mixed mode test configurations are able to 
provide only limited mode mixities or require complicated loading fixtures.  
For a bi-material specimen, the above mentioned problems becomes more 
important since the mode mixity is influenced by not only the geometry of the specimen, 
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but also the material properties of each bonded materials. That means there is a need to 
choose a suitable fracture test specimen by considering both specimen geometry and the 
material property. Some of the test configurations proposed in literature for investigating 
mixed mode I/II fracture of bonded structures are briefly described below. 
Charalambides et al. [136] suggested a new four point bend specimen for measuring the 
fracture resistance of bi-material interfaces. Utilizing finite element analysis, they 
characterized their suggested specimen and calculated stress intensity factors at different 
specimen geometries and elastic properties. They demonstrated the utility of their 
specimen by conducting experiments on Aluminum/PMMA bonded joints. However, 
their suggested specimen were not able to cover all combinations from pure mode I to 
pure mode II. Evans et al. [137] studied the interface crack propagation in different 
bonded joints using different bi-material fracture test specimens such as: the Sandwich 
test specimen, the Peel test specimen, the De-cohesion test specimen, and the Composite 
cylinder test specimen. They demonstrated that the choice of test specimen governs the 
tendency of cracks to either remain at interfaces or deviate from. However, none of the 
mentioned specimens were able to cover all mixed mode conditions.  
The specimens of circular or semi-circular shape (SCB) are very suitable for 
fracture testing on rock or asphalt materials because they can be easily cut from 
cylindrical cores from a pavement structures or cylindrical molds which are traditionally 
prepared from such materials. However, the SCB specimen has not been used so far for 
bi-material testing to evaluate bond strength. Also, it is unclear whether the SCB 
specimen is able to address all mixed mode conditions from pure mode I to pure mode II 
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for a given material type. However, as elaborated in the next section, a bi-material SCB 
test specimen is proposed for fracture test of asphalt concrete/ Portland cement concrete 
bonded joints which can be seen in pavement structure. In the subsequent sections, the 
suggested specimen is described where its capabilities and advantages are investigated 
by means of finite element analysis and through some fracture testing conducted using 
asphalt concrete/ Portland cement concrete bonded specimens. 
4.2. New test configuration 
The classical semi-circular bend (SCB) specimen has been used by several 
researchers in the past for investigating mixed mode fracture in brittle materials, e.g. 
[126–130]. The SCB specimen that contains an angled crack is subjected to three-point 
bending. Figure 4-1 shows the geometry and loading conditions for the improved SCB 
test specimen, called the Bi-material SCB (BSCB) specimen, for study of the mixed 
mode propagation of a crack at the interface of two dissimilar materials. In this test 
configuration, a semi-circular specimen of radius R that contains an edge interface crack 
of length a with inclination angle of , is loaded asymmetrically by a three-point bend 
fixture. As illustrated in Figure 4-1, the crack exists at the interface of asphalt concrete 
and the Portland cement concrete. While the specimen is easily manufactured, it does not 
need complicated loading fixtures for use in conventional testing machines. The state of 
mode mixity in the BSCB specimen can be easily altered by changing the locations of 
two bottom supports (S1 and S2) and the crack inclination angle ().The mode I and 
mode II contributions can be controlled simply by choosing appropriate values for S1, 
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S2, and . Hence different mode mixities can be obtained in the proposed specimen. The 
specimen has been frequently used in the past but only for the simple case of 
homogeneous material (single material) in order to obtain pure mode I fracture 
toughness for several engineering materials including, rocks, concrete, asphalt, 
polymers, etc. [128–130, 138–140]. 
 
 
Figure 4-1. Scheme of the CSCB specimen made of asphalt concrete and Portland 
cement concrete. 
 
In order to study mixed mode interfacial fracture in brittle materials using this 
configuration, it is necessary to define the state of mode mixity by calculating the mode I 
and mode II stress intensity factors (KI and KII) for different loading positions and crack 
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lengths. The finite element method was employed in this research to determine KI and KII 
in the BSCB specimen. More calculation details will be given in the next section. 
4.3. Numerical analysis 
Stress intensity factors are required to be characterized for any fracture test 
specimen in order to evaluate stress field around the crack. The stress intensity factors KI 
and KII for the BSCB specimen are functions of the crack length (a), crack inclination 
angle (), the locations of loading supports defined by S1 and S2, and elastic properties 
of both bonded materials. For a given elastic material property, the stress intensity 
factors can be expressed as the following normalized form: 
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where t is the specimen thickness and YI and YII are the geometry factors corresponding 
to mode I and mode II, respectively. For calculating YI and YII, different finite element 
models of the BSCB specimen were analyzed using the finite element code ABAQUS. 
Figure 4-2 shows a typical mesh pattern generated for simulating the ASCB specimen. 
In the models, the following geometry and loading conditions were considered: R = 
76.2mm, t=25 mm, a=38.1mm, F = 1000N and different values for crack inclination 
angles (), S1, and S2. Since the original goal of the current research is to evaluate bond 
strength between asphalt concrete and Portland cement concrete, in this research, these 
two materials have been used for finite element simulations. Same procedure can be 
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done for any combination of the materials. The elastic properties used for the finite 
element modeling of the asphalt concrete and Portland cement concrete are: Easph=4.9 
GPa, =0.35, Econc=40.7GPa, =0.2. The specimen preparation and material properties 
is described in the forthcoming sections of this section. 
 
 
Figure 4-2. A typical finite element mesh pattern used for simulating BSCB specimen 
with =0. 
 
The singular elements were considered in the first ring of elements surrounding 
the crack tip for producing the square root singularity of stress/strain field. A J-integral 
based method built in ABAQUS was used for obtaining the stress intensity factors 
directly from software. Table 4-1 lists the values of YI and YII associated with pure mode 
I, pure mode II and three mixed mode conditions. It is seen that the proposed specimen 
is able to cover different mixed mode conditions from pure mode I (Me=1) to pure mode 
II (Me=0). Fig.5 shows the von Mises stress contour plot for two different mode mixities: 
pure mode I (KII = 0) and pure mode II (KI = 0). In pure mode I, the stress contour is 
symmetric relative to the crack plane. However, because of the material mismatch, the 
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stress contour is discontinuous at the interface. For pure mode II, the contour plot is 
asymmetric with respect to the crack plane showing the significant effect of shear stress. 
The proposed specimen is utilized in the next section to evaluate mixed mode bond 
strength of asphalt concrete/ Portland cement concrete (AC/ PCC) bonded joints at 
different temperatures. 
 
Table 4-1. Finite element simulation results of BSCB at different mixed mode 
conditions. 
a (mm) (deg) S1 (mm) S2 (mm) YI YII Me 
38.1 0 50 38 0.323 0.000 1.00 (pure I) 
38.1 0 30 20 0.154 0.062 0.758 
38.1 0 60 15 0.149 0.120 0.569 
38.1 45 50 50 0.105 0.154 0.382 
38.1 58 50 50 0 0.1 0 (pure II) 
 
 
Figure 4-3. Plots of von Mises stress contours in front of the interface crack tip at (a) 
pure mode I, (b) pure mode II conditions. 
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4.4. Evaluation of bond strength of AC/ PCC interface 
In order to investigate the practical applicability of the BSCB specimen, a series 
of mixed mode fracture tests were conducted on AC/ PCC bonded joints. A total number 
of 50 BSCB specimens were manufactured at different thicknesses ranging from 30mm 
to 35mm. In the following, the material properties of the AC and PCC, specimen 
preparation process, and fracture test results are describes and finally, the test data were 
evaluated using a power-law fracture criterion discussed in the previous section of this 
dissertation (section 3) for weak interfaces. 
4.4.1. Material properties of AC and PCC 
The materials used to manufacture BSCB specimens made of AC and PCC are 
given as follows. For AC, PG 64–22 asphalt binder were used and the asphalt binder 
content was 4.4% of the total weight. Course aggregates and sands were used to be 
mixed with asphalt binder. The collected materials were dried in an oven, sampled and 
used for sieve analysis to obtain the percentage of aggregates according to the standard 
size ranges. The aggregate gradation chart for this mix is given in Table 4-2. 
For PCC, the following combination of raw materials were used as listed in 
Table 4-3. Coarse and fine aggregate and cement were all mixed prior to adding water. 
Once the cement-aggregate mixture was uniform, a combination of water and admixture 
was then added. When the batch had a uniform consistency the specimens were cast. 
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4.4.2. Specimen preparation 
Figure 4-4 depicts the procedure for manufacturing the BSCB specimens. As 
shown, the asphalt concrete portions were made first, and then split before being placed 
in cylindrical molds such that concrete was placed into the remaining volume to create 
the composite cylinders. The standard cylindrical mold - 6in diameter (152.4mm× 
304.8mm) was used to make the composite cylinders. The 6in×6in asphalt concrete 
cylindrical samples were made using a gyratory compactor (see [141] for details on the 
compaction process). 
 
Table 4-2. Aggregate gradation for making AC part of BSCB specimens. 
Sieve size 
(mm) 
Standard sieve 
size 
Percent 
passing 
19 ¾ in 100 
12.5 ½ in 95 
9.5 3/8 in 82 
4.75 No.4 55 
2.36 No.8 34 
1.18 No.16 22 
0.6 No.30 16 
0.3 No.50 12 
0.15 No.100 6 
0.75 No.200 5 
0  0 
 
Table 4-3. Mix design for PCC part of BSCB specimens. 
Materials 
Weight (lbs) per cubic 
yard of concrete 
Cement Type I/II 423 
Fly Ash Class F 141 
Coarse Agg. #57 Crushed LS 1850 
Fine Agg. Concrete Sand 1184 
Water 242.6 
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Table 4-3. continue 
Materials Weight per cubic yard 
of concrete 
Water Reducer Type A/D 23 oz 
Air Entraining Agent 1.7 oz 
 
The cylindrical samples were cured for one day and cured for 7 days at moisture 
room and one year at room temperature (25oC). The composite cylinders were then cut 
into several pieces (perpendicular to the cylinder’s axis). Each piece was cut diagonally 
at the angle of 90o- from the AC/PCC interface ( is the crack inclination angle, shown 
in Figure 4-1) to make the final composite specimen. The crack length ratio a/R=0.5 was 
selected to make the test samples. For creating the cracks, first a cutting machine is used 
to generate a notch through the interface with the initial depth of slightly less than 
38.1mm. Then, a sharp pre-crack was introduced by a thin cutter to make the final length 
of each crack. The interface cracks are generated at different inclination angles () to be 
used for different mixed mode fracture tests as listed in Table 4-1. A total number of 50 
BSCB specimens were made for five mixed mode conditions at two temperatures. That 
means at least five BSCB specimens were prepared for each mode mixity. A typical 
BSCB specimen made of AC and PCC is shown in Figure 4-5. 
4.4.3. Fracture tests 
Each BSCB specimen was located inside a three-point bend loading fixture with 
desired values of S1 and S2, and loaded at the constant rate of 0.4 mm/min up to its final 
fracture. Fracture tests were conducted at two temperatures: 20oC (room temperature) 
and -20oC. The load–displacement data were recorded during the tests. All the test 
 75 
 
 
samples fractured from the interface crack tip and with negligible non-linear deformation 
before de-bonding.  
Figure 4-6 shows the loading set up for one of the BSCB specimens and a sample 
fractured specimen. Using the fracture load obtained from each specimen, the critical 
stress intensity factors of the tested BSCB specimens were calculated from Eq. (4.1) and 
(4.2). Details of each test including, the fracture loads and the corresponding stress 
intensity factors are listed in Tables 4-4 and 4.5 for T= -20oC, and T= 20oC, respectively. 
In Tables 4-4 and 4-5, the specimen codes are PMI: pure mode I, PMII: pure mode II, 
MM-I: mixed mode type I (S1=30mm, S2=20mm), MM-II: mixed mode type II 
(S1=60mm, S2=15mm), MM-III: mixed mode type III (S1=S2=50mm). 
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Figure 4-4. Preparation of BSCB specimens made of AC and PCC. 
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Figure 4-5. A typical BSCB made of AC and PCC with =0. 
 
 
Figure 4-6. Three point bend loading set up for a typical BSCB specimen. 
 
Table 4-4. Summary of the results obtained from mixed mode I/II fracture tests 
conducted on BSCB specimens made of AC/ PCC, at T = -20oC. 
Specimen code )(NFcr  )( mMPaK I  )( mMPaK II  
PMI-1 3207 0.094062 0 
PMI-2 3461 0.101512 0 
PMI-3 3420 0.100309 0 
PMI-4 2823 0.082799 0 
PMI-5 2684 0.078722 0 
MM-I-1 5850 0.081807 0.032935 
MM-I-2 5740 0.080268 0.032316 
MM-I-3 5310 0.074255 0.029895 
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Table 4-4. continue 
Specimen code )(NFcr  )( mMPaK I  )( mMPaK II  
MM-I-4 5990 0.083764 0.033723 
MM-I-5 6120 0.085582 0.034455 
MM-II-1 4354 0.05891 0.047444 
MM-II-2 4020 0.054391 0.043805 
MM-II-3 4200 0.056826 0.045766 
MM-II-4 4654 0.062969 0.050713 
MM-II-5 3940 0.053308 0.042933 
MM-III-1 3120 0.029748 0.04363 
MM-III-2 3250 0.030987 0.045448 
MM-III-3 3600 0.034324 0.050343 
MM-III-4 3740 0.035659 0.0523 
MM-III-5 3810 0.036327 0.053279 
PMII-1 5741 0 0.052131 
PMII-2 5570 0 0.050579 
PMII-3 5231 0 0.0475 
PMII-4 6020 0 0.054665 
PMII-5 5610 0 0.050942 
 
Table 4-5. Summary of the results obtained from mixed mode I/II fracture tests 
conducted on BSCB specimens made of AC/ PCC, at T = +20oC. 
Specimen code )(NFcr  )( mMPaK I  )( mMPaK II  
PMI-1 1120 0.03285 0 
PMI-2 1040 0.030503 0 
PMI-3 990 0.029037 0 
PMI-4 889 0.026075 0 
PMI-5 1201 0.035226 0 
MM-I-1 1980 0.027688 0.011147 
MM-I-2 1820 0.025451 0.010246 
MM-I-3 1760 0.024612 0.009909 
MM-I-4 1870 0.02615 0.010528 
MM-I-5 1680 0.023493 0.009458 
MM-II-1 1420 0.019213 0.015473 
MM-II-2 1370 0.018536 0.014928 
MM-II-3 1590 0.021513 0.017326 
MM-II-4 1310 0.017724 0.014275 
MM-II-5 1210 0.016371 0.013185 
MM-III-1 1010 0.00963 0.014124 
MM-III-2 1090 0.010393 0.015243 
MM-III-3 1320 0.012586 0.018459 
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Table 4-5. continue 
Specimen code )(NFcr  )( mMPaK I  )( mMPaK II  
MM-III-5 1140 0.010869 0.015942 
PMII-1 2010 0 0.018252 
PMII-2 1980 0 0.017979 
PMII-3 1850 0 0.016799 
PMII-4 1897 0 0.017226 
PMII-5 1782 0 0.016182 
 
4.4.4. Fracture criterion 
Almost in all fracture tests, the interface crack propagated through the interface 
which means the bond behavior between AC and PCC can be characterized as a weak 
bond. The results for mixed mode interfacial fracture resistance of weak bonds are 
usually presented in a normalized form as IICCII KK /)( versus ICCI KK /)( as described in 
section 3 of this dissertation (see Eq. (3.29)). According to the results given Tables 4-4 
and 4.5, the averages value of mode I interfacial fracture toughness ICK obtained from 
the fracture tests (i.e. S1= 50 mm, S2 = 38 mm) were 0.0915 mMPa  and 0.0307 
mMPa , at T = -20oC and T = 20oC, respectively. Also, the average value of the mode 
II interfacial fracture toughness IICK obtained from the fracture tests were 0.0511 
mMPa  and 0.0173 mMPa , at T = -20oC and T = 20oC, respectively. 
The mixed mode test results obtained in this research for various combinations of 
mode I and mode II are shown in Figures 4-7 and 4-8 in a ICCIIICCII KKKK /)(/)(   
diagram, for T= -20oC, and T= 20oC, respectively. Also shown in this figure, the power 
law criterion needs 2p = 2.71, 2q = 2.25 to meet the fracture test data at T = -20oC and 
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requires 2p = 2.45, 2q = 2.15 for T = 20oC. It is worth mentioning that a direct 
comparison between these two fitting lines (dashed lines in Figure 4-7 and 4-8) shows 
that the curve corresponding to T = -20oC is slightly higher than that of plotted for T = 
20oC. That means one can roughly assume the power law criterion is independent of the 
test temperature for all values between -20oC and 20oC. 
 
 
Figure 4-7. Mixed-mode fracture envelope and predictions for AC/ PCC interfacial 
delamination at T = -20oC. 
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Figure 4-8. Mixed-mode fracture envelope and predictions for AC/ PCC interfacial 
delamination at T = 20oC. 
 
4.5. Summary and conclusions 
A review of the test specimens used in the past for conducting mixed mode 
fracture experiments revealed that some of them required a complicated test set up. For 
instance, a biaxial fixture not only made the experiments more expensive but also may 
be a source of error in the test results due to possible manufacturing inaccuracies. The 
described BSCB specimen, is simple since it can be tested by use of an ordinary three-
point bend fixture which is normally available in standard fracture testing machines. 
Furthermore, the application of compressive loads in the BSCB experiments makes it 
more suitable for conducting fracture tests on weak bonded joints which are weak under 
tensile loads. Although almost all of the mixed mode test specimens can be used for pure 
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mode I and mixed mode fracture tests, some of them are not able to provide pure mode 
II. This issue becomes even more important for a bi-material system since not only the 
geometry, but also the elastic properties of each material control the mode mixity. 
Another advantage for the BSCB specimen is its ability for providing complete 
combinations of mode I and mode II including pure mode I, pure mode II and various 
intermediate mode mixities.  
It is worth mentioning that cracked test specimens which contain only one crack 
tip (like the BSCB specimen), are often preferred to centrally cracked specimens that 
contain two crack tips (e.g. the centrally cracked square plate, or the centrally cracked 
Brazilian disk specimen). This is because the crack extension does not necessarily 
initiate from the two crack tips simultaneously. The delay between the fracture 
initiations at the two crack tips is not controllable and can sometimes be a likely source 
of error in the test results.  
Because of the advantages elaborated above, the BSCB specimen can be 
recommended as a favorite bonded sample sample for conducting mixed mode 
interfacial fracture experiments. Finally, the conclusions can be summarized as follows: 
 A new test configuration called the bi-material semi-circular bend (BSCB) 
specimen was suggested for interfacial mixed mode I/II fracture experiments.  
 The simple geometry and loading set up, the ease of generating a crack in the 
specimen, and the ability of introducing full combinations of mode I and mode II 
are the main advantages of the BSCB specimen. 
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 The mixed mode interfacial bond strength between AC / PCC was successfully 
evaluated using the BSCB specimens at two temperatures. 
 The mixed mode power law cohesive fracture model was employed to evaluate 
interfacial fracture tests on AC/ PCC bonded joints. 
 In a concrete pavement, the slab horizontal and vertical (lift-off) end movements 
are directly affected by the bond strength between concrete slab and the subbase 
layer. The BSCB specimen can be used for evaluation of the bond strength of 
concrete slab / subbase interface. 
 The results presented in this section for BSCB specimen are at their primary 
steps and a size effect study is needed in order to characterize that 
comprehensively. 
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5. MODELS FOR THE PREDICTION OF DISPLACEMENTS IN CRC PAVEMENTS 
 
5.1. Introduction 
The use of concrete as a paving material has a long history that dates back to the 
early 1900's in the United States. Since its introduction, considerable effort has been 
made to develop design methods and construction procedures. Due to the environmental 
loads, end movements occurs in a concrete slab. End movements in CRC pavements is 
an important distress leading to deterioration of in-service pavement structures. There 
are many factors affecting displacements and development of stresses in CRC 
pavements. The bond strength between the concrete slab and subbase layer is one of the 
most important factors that plays an important role in slab displacement. The separation 
mechanism at the interface of concrete slab and subbase layer can be addressed by 
interfacial fracture mechanics concepts, as explained in pervious sections (sections 3 and 
4). This section is aimed to study different models for evaluation of the end movements 
in CRC pavements. 
Figure 5-1 shows a scheme of the continuously reinforced concrete pavement 
(CRCP). CRCP was developed as an alternative to jointed concrete pavement that 
eliminates the need for contraction joints. In CRCP, longitudinal reinforcement is 
continuous, in that each individual length of reinforcing bar is lapped end-to-end to each 
of its adjoining reinforcing bars in the reinforcement grid. The presence of the steel in 
the pavement does not prevent the formation of cracks. Rather, it induces the concrete to 
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develop numerous transverse cracks. Theoretically, the steel keeps the cracks tightly 
closed, which maintains the integrity of the aggregate interlock across the cracks.  
 
 
Figure 5-1. General configuration of CRC pavement. 
 
There are many variables that are known to influence the crack spacing, and its 
developments, including the type and amount of longitudinal steel, the air temperature at 
the time of placement, the composition and uniformity of the concrete, the base friction, 
traffic loadings, and the air temperature range relative to the placing temperature. 
Therefore, the importance of developing a rational method of predicting CRCP behavior 
based on the mechanics of the pavement structure, the environmental conditions, and the 
material properties is important [4]. 
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One can find a number of mechanistic models for CRC pavements in the 
literature. The first mechanistic model of the CRC pavement called CRCP-1, was 
developed in the mid-1970s under a study sponsored by the National Cooperative 
Highway Research Program (NCHRP) [143]. This computer program evaluated the 
effect of such design variables as layer thicknesses and properties, concrete strength, and 
steel reinforcement, together with environmental and traffic loads, such as temperature 
variation, drying shrinkage, wheel load, and tire pressure. In 1991, Won et al. [144] 
developed an improvement to the CRCP program, CRCP-5, that simulates material 
variance to concrete tensile strength and includes fatigue failure models. The normalized 
curing curves were determined for different coarse aggregates commonly used in Texas 
pavements [145], and these curves and the calibrated failure prediction model were 
included in CRCP-7 [28]. In 1995, previous versions of the CRCP programs were 
integrated into one program, CRCP-8, with simplification of the user input process 
[146]. Although CRCP-8 has permitted pavement engineers to develop design of the 
CRC pavements, there were some limitations owing to the simplified assumptions of the 
one dimensional analysis. In 1996, Texas Department of Transportation (TxDOT) was 
conducted to expand the ability of the mechanistic model by incorporating the variations 
in temperature and moisture changes through the depth of concrete slab. As a result of 
that work, a two-dimensional finite element model was developed [147, 148]. In 1998, 
the more comprehensive version of the work done by TxDOT led to develop CRCP-9. 
CRCP-9 used two-dimensional finite element theories to reduce the cost of the 
computation, but in order to increase the accuracy of the 2D model, three-dimensional 
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analyses were performed first using finite element method, and the differences between 
2D and 3D analysis results were investigated [149, 150]. The CRCP models were then 
modified even more, CRCP-11, to design CRCP under different climatic conditions in a 
more sophisticated manner.  
However, the CRCP models have some limitations as will be discussed in the 
following. Although they provide good approximations of true behavior for some 
conditions, the large number of simplifying assumptions (especially for early versions 
CRCP-1, CRCP-2, and CRCP-3) that were made to develop the models limit its 
accuracy to a great extent. Although many of the assumptions are necessary to reduce 
the mathematical complexity of the model to a manageable level, some are gross 
simplifications of the conditions that actually exist in the pavement system. Assuming 
that the bond stress between the steel and the concrete acts as an average value over a 
specified development length is one such assumption. Research has shown that the 
actual bond stress distribution has a range of values that vary from zero to a peak 
magnitude that far exceeds the average value [151]. Assuming an average bond stress 
distribution severely limits the validity of the CRCP model in many instances. In cases 
where there is high frictional resistance between the base material and the pavement 
slab, or there is a large temperature drop, the computed development length for the bond 
stress can actually exceed the length of the slab over which the bond forces have to act 
[142]. This is a physical impossibility in an actual pavement, since the concrete and the 
steel have to be fully bonded at the midpoint of the slab. In addition, the stress 
distributions in both the steel and the concrete are governed, in part, by the bond stress 
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distribution between them. If the bond stress distribution is invalid, then the stress 
distributions in the steel and the concrete will also be invalid. Other assumptions that 
limit the accuracy of the CRCP models include: 1) modeling the concrete as a linear, 
elastic material, 2) assuming that the temperature variations and shrinkage strains are 
uniform throughout the slab, and 3) neglecting the effect of creep and slab warping. 
The displacement, stress, and strain fields in CRC pavement due to different 
loading configurations were also characterized by other researchers. One of the 
pioneering analytical works on the study of the mechanism of the slab deformation due 
to the environmental effects is the work done by Palmer [4]. He represented stress, strain 
and displacement field in CRCP and calculated relative displacements between concrete 
slab and subgrade, and between concrete slab and reinforcing steel bar. However, the 
effect of lift-off (slab’s vertical displacement) on the slab end movement as well as the 
effect of interfacial delamination were not taken into account. 
According to the literature survey presented above, one can realize that none of 
the above models takes into account the effect of cohesive bond strength on the slab 
displacements. In the all previous models, the bond behavior between concrete slab and 
base layer is modelled as friction models which do not represent the effect of interfacial 
crack propagation, at the interface of concrete slab and base layer, due to the 
environmental loads. This research aims to study effect of bond strength on the slab 
displacements using interfacial fracture mechanics approaches. First, some Palmer’s 
model [4] is explained and then, a modified version of the Palmer’s model is presented 
which takes into account the effect of slab lift-off together with the interfacial fracture 
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theories. The two analytical models are compared and their advantages, disadvantages, 
and limitations are discussed. The predictions provided by the modified Palmer’s model 
are compared to the results obtained from two-dimensional simulation of a plain 
concrete pavement subjected to a typical environmental load. Then, a 3D finite element 
approach is employed to investigate slab displacements taking into account the bond 
strength between concrete slab and base layer using cohesive zone model. Finally, the 
developed 3D finite element simulation is then employed to predict experimental data 
available in the literature for displacements in a concrete slab due to the environmental 
loading. 
5.2. Palmer’s model for CRC pavement 
Palmer [4] developed a mechanistic model for the prediction of stresses, strains and 
displacements in CRC pavements. Comparing with other CRCP models discussed 
above, he presented a more sophisticated method taking into account the effect of bond 
slip distribution (for both steel/ concrete and concrete/ subbase interfaces) on the slab 
displacements. Followings are the assumptions he used for the model: 
a)  The concrete and the reinforcing steel behave in a linearly elastic manner. 
b) The base material underneath the concrete slab is rigid, and will not deflect under 
loading by the horizontal friction force. 
c) All materials are homogenous. 
d) All temperature and shrinkage induced strains are uniformly distributed 
throughout the depth and the width of the CRCP slab. 
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e) The effect of curling, warping, and creep will be ignored. 
f) All behavior in the slab is symmetrical about the midpoint of the slab. 
By assuming that the temperature and shrinkage are uniformly distributed 
throughout the width of the slab, the slab can be modeled as a prism with a length equal 
to the one-half the length of the slab as shown in Figure 5-2. The prism has a thickness t0 
(equal to the slab thickness), and a width b which corresponds to the spacing of the steel 
reinforcement. There is also a cylindrical reinforcing steel bar running through the length 
of the prism. The governing equations for horizontal displacement due to shrinkage 
strain, s, can be obtained by taking a slice of the prism of width x. As shown in Figure 
5-3, a change in the magnitude of both the concrete stress, c, and the steel stress, s, 
occurs across the width of the slice, which equals c and s, respectively.  
 
 
Figure 5-2. Prism used to model the CRC slab in Palmer’s model [4]. 
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Figure 5-3. Stresses acting upon an elemental slice of the prism, in x direction. 
 
The bond stress, b, is present between the reinforcing steel and the concrete, and 
another bond stress, f, is present between the concrete and base materials. Using the 
equilibrium equation in x direction, the following differential equations can be obtained 
for horizontal displacement of the concrete and steel as given in Eq. (5.1) and Eq. (5.2), 
respectively.  
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where cuˆ  and suˆ  are displacement of the concrete and steel due to the slab shrinkage. 
The expressions for shear stresses can be obtained by applying interfacial fracture 
mechanics concepts, which will be discussed later. Applying the boundary conditions 
and using the expression given by the interfacial fracture mechanics, one can find the 
horizontal contraction deformation. The boundary conditions are:  
 
(5.3) Lxuu sc  @0ˆˆ  
(5.4) 
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The bond stresses (b and f) must be characterized in order to solve Eq. (5.1) and 
Eq. (5.2). All that remains is to substitute the correct expressions for the bond stresses 
and solve the differential equations for the displacements cuˆ and suˆ . Palmer [4] suggested 
the three-part linear functions given in Eq. (5.5) and Eq. (5.6) to model both b and f  as; 
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The parameters K1, K2, K3, K4, C1, C2, b, and bl should be calibrated for 
reinforced steel deformation patterns and subbase types. Eq. (5.5) and Eq. (5.6) suggest a 
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formulation for shear stresses which relates the stresses to the relative displacements 
between concrete slab and streel bar, and between concrete slab and the base layer. 
However, interfacial crack propagation is not taken into account for the formulation 
given by Palmer [4].  
5.3. Modified Palmer’s model for CRC pavement 
Palmer’s model does not take into account effect of slab’s lift-off on the 
horizontal displacement. In other words, Palmer’s model is developed in a one 
dimensional framework. However, a concrete slab deforms upward as a result of 
temperature and moisture gradient throughout the slab thickness. Figure 5-4 illustrates 
the two-dimensional model of the slab deformation. The net strain gradient which causes 
as a result of temperature and moisture gradient (mainly temperature gradient) is 
considered as c and the net strain caused by the shrinkage is shown as s . 
 
 
 
 
Figure 5-4. 2D scheme of the end movement in a reinforced concrete beam. 
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The net strain can be linear or nonlinear with respect to the z direction, however, 
an equal linear net strain profile can roughly be obtained for nonlinear cases using strain 
energy concept. The net lift-off displacement can be calculated by subtraction of the 
effect of slab weight from the effect of moisture and temperature gradient as: 
(5.7) 
wc www   
where, cww, , and ww are displacements in z direction for total, due to the temperature 
and moisture gradient, and due to the slab weight, respectively. The profiles 
for cw and ww can be obtained from Eq. (5.8) and Eq. (5.9), as follows: 
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where, c is the equivalent linear lift-off strain profile due to the temperature and 
moisture gradient (see Figure 5-4). This equivalent strain can be calculated by equalizing 
experimental strain profile with an asymptotic linear profile using strain energy density 
concept (   d. ). The actual strain profile is a function of moisture and temperature 
gradient and can be expressed in Eq. (5.10) as: 
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where Et is the equivalent combined Young’s modulus, and H(z) and T(z) are moisture 
and temperature profiles, respectively. The net stress, or strain profiles given in Eq. 
(5.10) can be determined experimentally.  
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In Eq. (5.9), the parameter t is the total unit weight of the reinforcing concrete, 
and 
tI  is the equivalent second moment of inertia (steel and concrete) with respect to the 
y axis. The parameter
tI is a function of location of the steel bar, 0z , and as a result, the 
slab lift-off is be obtained as function of 0z . The cE parameter is the Young’s modulus of 
the concrete. Using Eq. (5.8) and Eq. (5.9), the Eq. (5.7) can be rewritten as follows; 
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Applying the boundary conditions, one can find the slab lift-off easily. Here we 
assume that the primary reason for interface crack propagation is the slab shrinkage due 
to the horizontal deflection. This can be a proper assumption since the slab displacement 
in mostly influenced by the horizontal shrinkage rather than the slab lift-off and the 
interface crack has already propagated when the slab tends to curl upward. The boundary 
conditions for Eq. (5.11) are: 
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Applying boundary conditions given in Eq. (5.12), the vertical displacement, w(x, z), can 
be obtained as: 
(5.13) 














4
0
02
0
0
3
0
04
0
02
0
)(8
.
2
)(
.
)(
)(6
.
)(24
.
2
)(
),(
L
zD
t
L
t
z
xL
t
z
L
zD
t
x
zD
t
x
t
z
zxw
tc
cttc


 
 96 
 
 
Where, )()( 00 zIEzD tc . Assuming that the radius of the curvature shown in 
Figure 5-4 is larger than the slab’s dimension, the total horizontal displacement of the 
concrete slab, with respect to the base layer, can be obtained as the following: 
(5.14) 
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(5.15) 
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The Eq. (5.14) and Eq. (5.15) must be solved in order to obtain displacements in 
concrete slab and the reinforcing steel bar. The above explanation for the modified 
version of the Palmer’s method, takes into account the effect of slab’s lift-off. However, 
the effect of interfacial crack propagation is to be accounted for yet. 
Figure 5-5 shows a two-dimensional scheme of area with stress concentration in 
a reinforcing concrete slab/base structure. As given in Eq. (5.1) and Eq. (5.2), the 
governing differential equation requires bond tress distribution between concrete slab 
and base, f, and between concrete and the steel bar, b. These ultimate bond stresses can 
be characterized using interfacial fracture mechanics. Before the crack initiation, we 
have a notch at the interface of two dissimilar materials, and once crack propagates 
(even a very short crack), we have a crack existing at the interface of two dissimilar 
materials which may propagate along the interface or may kink into one of the base 
materials. Crack will be created at the interface of two dissimilar materials when the 
stress field around the notch tip reaches a critical value. In a real pavement structure, the 
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interface crack always exists since the initial crack length can be assumed as the size of 
an air void.  
 
 
Figure 5-5. Areas with stress concentrations and interface cracks in a CRCP structure, 
together with the typical shear stress profiles. 
 
The shear stresses given in Eq. (5.1) and Eq. (5.2) can be considered as a 
function of x, along the interface. As comprehensively discussed in section 3 of this 
dissertation, the stress field around an interface crack tip can be considered as a series of 
expansion with infinite numbers. Therefore, considering shear stresses as function of x, 
along the interface, and defining parameters A, B, and C, one can rewrite the Eq. (5.1) 
and Eq. (5.2) as following: 
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Where A, B, and C are 
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s
AE
d
, 
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b
, and 
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 , respectively.  
According to the Eq. (3.1) in section 3 and considering only singular stress field, the 
shear stresses along the interface in vicinity of the crack tip can be expressed as follows; 
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where 1
ˆ
xyf , 2
ˆ
xyf , 1xyf , and 2xyf  are known functions of materials properties and 
geometries, and IKˆ , IIKˆ , IK , and IIK  are the stress intensity factors (see section 3). 
Indeed more terms must be added to cover for a larger distance from the crack tip. 
However, Eq. (5.16) and Eq. (5.17) are solved by taking into account only the singular 
terms of the shear stresses. Substituting Eq. (5.18) and Eq. (5.19) into Eq. (5.16) and Eq. 
(5.17), the governing differential equations can be rewritten as; 
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Applying the boundary conditions given in Eq. (5.3) and Eq. (5.4), the above differential 
equations can be solved in the followings form; 
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(5.23) 
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Where Xˆ and Yˆ are defined as; 
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The stress intensity factors (and higher order terms) should be determined using 
numerical simulations of the structure, in order to calculate the shear stress. The 
variation of the stress intensity factor with different CRCP geometries (steel percentage, 
slab dimensions) and loading configuration is discussed in section 6 of this dissertation. 
A classical method for describing bond behavior between the concrete slab and 
the base layer is the friction model. According to the friction models, the concrete slab 
resists against any movement on the subbase layer with a coefficient of friction of s. 
Here we can relate this classical parameter to the formulations presented in modified 
Palmer’s model. The uniform friction force on a piece of slab with the volume of V, as 
a result of slab’s weight can be expressed as following according to its classical 
definition; 
(5.26) 
tstss bxtVxF  )....(..)( 0  
The bond shear stress, shown in Figure 5-5, can be expressed as given in Eq. 
(5.27) where u is the ultimate interface shear strength and xy(x) is the same equation 
given in Eq. (3.1) (see section 3 for more details). The ultimate shear strength of the 
bond, u, can be obtained using interfacial fracture tests (see section 4 for details). 
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The parameter rc in Eq. (5.27) is the radius of the damaged zone around the 
interface crack (see section 3 for more details). The equivalent friction force on an 
element with the width of dx as a result of the shear stress between the concrete slab and 
the subbase can be obtained as; 
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Then, the friction force for crx  can be calculated as; 
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Using Eq. (5.26) and Eq. (5.29), the relationship between the classical coefficient of 
friction and the interfacial shear stress can be calculated as the following form; 
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In Eq. (5.30), the number of stress terms, given in Eq. (3.1), is an important 
parameter which needs to be considered. For distances very close to the interface crack 
tip, one can cover the shear stress by taking into account only singular stress terms. 
However, for distances far from the crack tip, the higher order terms should be 
considered for the shear stress field. Similar methodology can be used for the bond 
strength between the reinforcing steel bar and the concrete slab. However, since the 
current research focuses on the bond behavior between the concrete slab and base layer, 
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we use the data given in the literature for evaluation of the bond strength between 
concrete slab and the reinforcing steel bar.   
As discussed above, the shear stress distribution suggested by Palmer [4] is now 
reformulated in terms of the stress field around an interface crack. Also, the modified 
model provides a two-dimensional framework taking into account the slab’s lift-off. 
Such modification provides a more realistic description on the stresses, strains, and 
displacements in CRC pavement.  
In order to examine accuracy of the modified Palmer’s method, an example is 
presented in the following for comparison between the modified Palmer’s method and 
the finite element simulation. Since there are some unknown parameters in traditional 
Palmer’s method which cannot be characterized in a straightforward manner, only the 
modified version of it is examined here. As discussed above, the modified Palmer’s 
model requires stress intensity factors which can easily be calculated using finite 
element simulation, however, the traditional Palmer’s model requires calibration of some 
parameters related to the relative bond slip between concrete slab and the subbase layer 
which should be characterized by the experiments.  
Because of the geometry of CRCP, one cannot simulate it in a two-dimensional 
finite element framework. Therefore, the following example is on the simulation of a 
plain concrete pavement instead of the CRCP (ds = 0). The selected material properties 
for the plain concrete pavement are: Ec = 34000 MPa, c = sub = 0.2, and Esub = 3500 
MPa, and concrete density of 2400 kg/m3. The half slab length of L = 4.5m, slab 
thickness of t0 = 0.3m, and subbase thickness of tsub = 0.1m were selected for the 
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geometry of the structure. The fracture criterion parameters (for weak interfaces, 
according to Eq. (3.29)) were also selected as KIC = KIIC = 0.05MP.m
0.5, p = q = 2, and 
the (z) = 0.5+2z MPa was selected as the net stress profile through the slab thickness. 
Figure 5-6 depicts mesh pattern used for the two-dimensional finite element simulation 
of the concrete pavement. In the finite element analysis, 6-node quadratic triangular 
singular elements were used for the first row of elements surrounding the interface crack 
tip and 8-node quadratic quadrilateral elements were utilized for the rest of the model.  
 
 
Figure 5-6. Mesh pattern used for the two dimensional finite element simulation of a 
concrete slab placed on the subbase layer, as well as an expanded view of the interface 
crack tip elements. 
 
In the finite element model, the crack length is increased manually in different 
steps until the stress intensity factors developed around the interface crack tip become 
lower than their critical value (see Eq. (3.29)). At the final step, the interface crack 
length reaches its maximum value and displacements at points A and B, which are 
associated with top and bottom of the slab, (shown in Figure 5-4) are measured. Table 5-
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1, lists displacements at point A and B obtained by modified Palmer’s model and the 
two-dimensional finite element simulation. It is seen that the modified Palmer’s model 
predicts the two-dimensional finite element results with acceptable accuracy.  
 
Table 5-1. Comparison between predictions provided by modified Palmer’s method and 
the two-dimensional finite element simulation. 
Method uA(mm) wA(mm) uB(mm) wB(mm) 
2D-FEM 3.27 1.66 0.45 0.33 
Modified Palmer’s 2.9 1.92 0.39 0.41 
 
Although, the closed form formulation presents a more sensible description of 
the slab’s movement, it uses some assumptions at the beginning which sometimes may 
lead to errors in prediction of the displacements. Using the finite element simulation, one 
can assume any temperature and moisture gradients throughout the concrete slab. In 
addition, it is very hard to obtain displacements induced by environmental loads at 
multiple load steps using the closed form solutions. Therefore, researchers recently have 
used the finite element method for simulation of the slab’s movements. As mention 
previously in this section, many of the finite element simulations done in the past are 
two-dimensional. However, the geometry of the CRC pavement does not allow to 
simulate that as a two-dimensional model. The next section describes a three-
dimensional finite element procedure for evaluation of the slab’s movements subjected 
to environmental loads. The suggested method uses cohesive zone elements at the 
interface of concrete slab and subbase layer, and at the interface of concrete slab and the 
reinforcing steel bar.  
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5.4. Three-dimensional finite element modeling 
The analytical models presented above always need some assumptions in their 
presented solutions. Such assumptions sometimes are source of errors in estimation of 
the displacements, strains, and stresses in concrete pavements. Here, we present a three-
dimensional finite element simulation approach to evaluate slab’s movement due to the 
environmental loading. Using the finite element approach, we can significantly reduce 
the number of assumptions considered by the theoretical solutions, especially the 
following ones; 
a) No limitation on the material properties: for instance in Palmer’s model the 
subbase was assumed to be a rigid material. However, this assumption was 
dismissed in the proposed modified Palmer’s model. 
b) One can apply any bond behavior between concrete slab and subbase layer using 
finite element approach: as will be discussed later, the cohesive elements are 
used for interface elements between concrete slab and the subbase and between 
the concrete slab and the reinforcing steel bar.  
c) Any temperature and moisture gradients can be assumed throughout the concrete 
slab: for analytical solutions, it was very hard and sometimes impossible to solve 
for nonlinear gradients. 
d) Any slab’s displacement can be simulated and no assumption is needed for any 
warping effects or other types of out of plane deformations.  
In the current research, the commercial software ABAQUS is used as a finite 
element tool to simulate CRCP structures. In this section, we first briefly introduce the 
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geometry of the model and then, the materials properties of each part of the model, 
boundary conditions, and loading profiles are discussed. Finally, the three-dimensional 
cohesive zone model is utilized to predict experimental data given in the literature for 
displacements in a concrete slab due to the o given moisture and temperature profile.  
5.4.1. Geometry of the model 
Figure 5-7 shows a prism taken out of the middle of the edge of a typical CRCP 
structure. Since we are interested in end movement in concrete slabs, the prism is taken 
out of end of the CRCP structure. In fact, the corner and the edge of a concrete slab lift-
off upward in different manners.  
The deformation at the corners can also be easily simulated by applying the 
corresponding boundary conditions. However, in the current research, we focus on the 
end movements in the middle of the concrete slab. The reinforcing bar in CRC pavement 
has the spacing of b, and dimeter of ds placed at the distance z0 from the subbase layer.  
The selected prism has the length of L, and the thickness of the concrete slab and the 
subbase are t0 and tbase, respectively. Interface cohesive elements are used to connect 
concrete slab and subbase layer, as well as the concrete slab and the reinforcing steel bar. 
The constitutive model for the cohesive zone model used for the simulation is described 
in part 5.4.2 of the current section. The same geometry can be used for plain concrete 
slabs by assuming ds as zero.   
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Figure 5-7. Geometry of the CRCP structure used for the three-dimensional finite 
element simulation. 
 
5.4.2. Material properties 
The materials used for the three-dimensional finite element modeling consist of: 
Portland cement concrete, subbase layer, reinforcing steel bar, and cohesive zones. A 
brief description of each materials is given as follows; 
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Portland cement concrete: in the current research, the Portland cement concrete 
is considered as a homogeneous material. Indeed, the Portland cement concrete should 
be modelled as a composite materials when it is studied in a multi-scale framework. 
However, assuming Portland cement concrete as a homogeneous material may be an 
acceptable assumption since we are interested in general deformation of the concrete and 
the interaction between the concrete ingredients (cement and aggregates) is not studied 
in this research. Also, a thermo-elastic material model is utilized to model the concrete 
behavior. In other words, the Portland cement concrete can be characterized by its 
density, modulus of elasticity, Poison’s ratio, and the coefficient of thermal expansion. It 
is assumed that material properties are constant during temperature and moisture 
variations. It is assumed that the deformation in concrete slab does not cause significant 
cracking in concrete slab and whole fracture energy release as a result of de-bonding 
between the concrete slab and subbase layer, and reinforcing steel bar. 
Subbase material: the subbase layer is also assumed as a homogeneous material 
and is modelled using the linear elastic material model. Therefore, the subbase material 
can be simply characterized by its density, modulus of elasticity, and the Poison’s ratio. 
Simulating subbase material as linear elastic material model means that its material 
properties is assumed not to be sensitive with respect to the temperature and moisture 
variations. However, when a viscoelastic material is used as the subbase layer, we 
should be take into account the temperature effects as well and use a proper linear/ 
nonlinear viscoelastic material model. 
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Reinforcing steel bars: the reinforcing steel bar is assumed as a homogeneous 
material behaving like a thermo-elastic material model. That means the material 
properties required for modeling the steel bar are modulus of elasticity, Poison’s ratio, 
density, and the coefficient of thermal expansion. 
Cohesive zones: The cohesive elements are used at the interface of concrete slab 
and subbase layer as well as between the concrete slab and the reinforcing steel bar. A 
brief explanation on the cohesive elements is given in the following. 
ABAQUS [152] offers a broad set of cohesive elements and features. For 
modeling surface-bonded structures, the traction-separation constitutive response option 
is recommended. It is intended for cases where the adhesive is very thin, often so thin as 
to be impractical to accurately define its physical thickness. Bulk material properties of 
the adhesive are often unknown or not applicable to the analysis.  The user even has the 
option in this approach of modeling an adhesive with zero thickness. The traction-
separation constitutive law relates stresses to separations in the though thickness, and 
transverse shear directions. Figure 5-8a shows the general form of the traction-separation 
material response for cohesive modeling in ABAQUS [152] – a triangle.  It is important 
to note that the law uses the bond separation distance instead of physical strain as the 
independent axis. It is formulated this way to accommodate the common case of a “zero” 
thickness bond. The constitutive relationship depicted in Figure 5-8a is a one-
dimensional relationship. In ABAQUS [152], the actual behavior is generalized to 
accommodate 2D and 3D analyses (see ABAQUS documentation [152] for additional 
details). The basic concept in the cohesive element approach is that the cohesive 
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elements carry loads to constrain the two parts together until loads and deformations on 
the cohesive elements cause damage and failure. When the element has fully failed, it 
will have accounted for an amount of energy equal to the critical fracture energy defined 
for the real material. To accommodate this within a finite element framework, the 
cohesive material must have finite definitions of stress and separation over which the 
fracture energy can be released.  For the triangular law used by ABAQUS [152], the 
cohesive element exhibits recoverable linear elastic behavior until the tensile separation 
has exceeded δo, beyond which damage occurs, and ultimately element failure if the 
separation exceeds the material’s failure separation, δf. A physical interpretation of this 
failure separation parameter, δf , is that it characterizes the cohesive material’s ductility. 
As such, we will also refer to δf as the cohesive ductility. 
Classical methods of analyzing fracture and peeling assume that the bond or 
cohesive material is infinitely stiff in its bonding directions until fracture, upon which a 
finite amount of fracture energy Gc is released. Figure 5-8b, provides an interpretation of 
this assumption within the context of a traction-separation constitutive construct. An 
impulsive-like behavior is defined as the limit of the cohesive ductility, δf, goes to zero 
(and the ultimate stress goes to infinity), but that the area under the curve remains finite. 
The cohesive element approach requires the bond to be compliant and have some 
amount of ductility. There is much debate in the literature about which approach is 
correct, the cohesive element method or the classical impulsive method. In general, 
neither is “perfectly correct”, as both are engineering representations to complex 
physical phenomenon. 
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Figure 5-8. Two-dimensional scheme of modeling with cohesive elements under pure 
mode I loading. 
 
In Figure 5-8, the area highlighted in red represents the area corresponding to the 
cohesive elements. As discussed above, one can obtain the mixed mode fracture energy 
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of the bonds using laboratory specimens (like BSCB specimen introduced in section 4) 
and then use those values as the input of the finite element simulation. The finite element 
software ABAQUS [152] has the option of changing fracture energy envelope given in 
Eq. (3.28) by changing the parameters p and q (see section 3 for more details). The effect 
of parameters p and q on the predictions of the slab’s displacements, provided by the 
three-dimensional simulations, will be investigated in section 6 of this dissertation.  
5.4.3. Boundary conditions 
The boundary conditions used for the simulation of the CRCP structures is 
illustrated in Figure 5-9.  
 
 
Figure 5-9. Boundary conditions used for 3D finite element simulation of the CRCP. 
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The length of the prism is half of the actual slab’s length and then, the boundary 
conditions is symmetric with respect to the x and y axes. The restrictions on x and y 
directions are shown in view B and view A, respectively. It is also seen according to 
view B that the reinforcing steel bar is restricted in x direction at the slab’s joint. 
However, the reinforcing steel bar has the freedom to slide in the concrete as a result of 
environmental loads. There is no restriction on the area covered by the cohesive zone 
elements. Finite element simulations shows any boundary conditions on the cohesive 
zone with result in a significant increase of run time, at therefore, it is highly 
recommended not to restrict the cohesive layer in any direction. It is worth mentioning 
that Figure 5-9 illustrates a general boundary conditions which can be employed for any 
rigid pavement structure.  
5.4.4. Environmental loading 
Time dependent deformation of concrete consists of (1) stress dependent strain 
and (2) stress-independent strain. Stress dependent strain,  i , which is produced by 
stresses in the concrete, is the sum of the elastic strain, ei , and the creep strain, 
c
i . On 
the other hand, the stress-independent strain, 0i , which is not related to stresses , is the 
sum of the thermal strain, 
th
i ,and the shrinkage strain,
sh
i . Therefore, total strain during 
time step )( 1 rrr ttt is as follows [3, 153].  
(5.31) sh
i
th
i
c
i
e
iii
Tot
i 
  0  
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where Toti is the total strain increment; 
e
i is the elastic strain increment; 
c
i  is the 
creep strain increment; thi is the thermal strain increment;
sh
i is the shrinkage strain 
increment. 
If there is no external loading and the environmental loads such as changes in 
temperature and moisture are the only loads, the stress independent strain will be the 
only stain developed. However, the pavement structure is always subjected to restrains 
and as a result the stress dependent strains always develops. The stress independent 
strain is independent of the slab’s boundary conditions and can be measured separately. 
In other words, if the stress independent strain at a given location of the concrete 
pavement is known and the total strain of the pavement at the same location is measured, 
the actual elastic stress of that location will be the strain difference between the stress 
independent strain and total strains multiplied by the elastic modulus of the concrete at 
the time of measurement.  
Figure 5-10 shows a typical variation of the concrete strains versus time, 
measured by Nam [3]. The thermal strain and shrinkage strain are changed as the 
concrete slab cures as a result of change in temperature and moisture gradient throughout 
the concrete slab. The thermal strain changes in a cyclic manner during daytime with 
negligible residual strain. The shrinkage strain also changes during daytime, but, with a 
residual strain at the end of each day. Therefore, the total strain (which includes the 
stress dependent strains) changes in a cyclic manner with some residual strain per day. 
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Figure 5-10. Variation of the strains in a concrete slab versus time. 
 
Thermal and shrinkage strains cause in concrete pavement as a result of 
temperature and moisture gradients, respectively. The temperature profile through the 
thickness of the slab is nonlinear and causes curling of the slab edges. Although, an 
equal linear temperature profile is suggested in the literature reducing efforts of dealing 
with nonlinear temperature profile [14], neglecting the nonlinearity effects sometimes 
may cause significant errors in prediction of the displacements induced by the 
temperature. In the current research, however, the three-dimensional finite element 
approach is capable of simulating of the concrete displacements subjected to any 
nonlinear temperature gradient.  
The 3D finite element equation solver allows the initialization of the model to 
any state of deformation and stresses that may simulate a built-in lift-off as found in a 
freshly cured slab. This is done by specifying an equivalent initial thermal and moisture 
gradient profiles through the slab thickness and running the model in a dynamic 
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relaxation mode that builds up the static stresses and displacements at the specified parts 
of the model. After full dynamic relaxation, the model becomes deformed and loaded 
with stresses that simulate the state of residual stresses in a freshly cured concrete 
pavement. A data file containing the distorted model becomes the starting file to which 
any magnitudes and configurations of the environmental loading are applied prior to its 
reprocessing in a static or dynamic mode as illustrated by the flow chart in Figure 5-11. 
In other words, the three-dimensional finite element simulation is performed at different 
time steps to represent time dependent displacements in the concrete slab during a 
specific period of time.  
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Figure 5-11. Suggested 3D finite element simulation procedures. 
 
5.5. Prediction of the test data 
A literature survey shows that the available experimental data reported for the 
end movements of concrete slabs due to the environmental loading profile is very 
limited. This part, deals with the prediction of the experimental test data on the slab’s 
lift-off presented by Jeong and Zollinger [154] using the three-dimensional finite 
element procedure explained above.  
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5.5.1. Experiments  
Jeong and Zollinger [154] constructed a concrete slab at Texas A&M University 
to investigate environmental effects in terms of temperature and moisture effects on the 
behavior of jointed plain concrete pavements (JPCP). They measured the temperature 
and moisture profile throughout the concrete slab and measured the associated strain 
fields. They used the equivalent temperature profile proposed by Mohamed and Hansen 
[14] to simplify calculating of the thermal stresses. Figure 5-12 illustrates the layout of 
the slab instrumentation as well as the geometry of the JPCP made by them. The mixture 
properties of the concrete and the detailed construction procedure is explained in [154]. 
Dowel bars with 45.7 cm (18 inch) length and 3.1 cm (1.25 inch) diameter were installed 
mid-slab of the pavement where a sawcut joint was placed.  The dowel bars were placed 
at a spacing of 30.5 cm (12 inch). 
They collected temperature and moisture data over two years after construction 
of the slab to analyze the effect of climatic factors on the temperature and moisture 
movement within the slab. Figure 5-13 shows variations in temperature and relative 
humidity over first seven days at three locations: bottom of the slab, top of the slab, and 
the ambient.  
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Figure 5-12. Layout of the instrumentation and the geometry of the JPCP made by Jeong 
and Zollinger [154]. 
 
 
 119 
 
 
(a)  
(b)  
Figure 5-13. Temperature and relative humidity at top and bottom of slab over initial 7 
days: (a) temperature; (b) relative humidity [154]. 
 
The stress-independent strains were calculated using Eq. (5.32), and Eq. (5.33) for 
thermal and shrinkage strains, respectively.  
(5.32) )(. zTth   
(5.33) 3
100
)(
1. 











 
zRHsh   
where  was measured as 524.  
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Figure 5-14 shows the lift-off at the top of the slab reported by Jeong and 
Zollinger [154] at three different locations. However, the vertical displacement in the 
prism taken out for the finite element simulation, shown in Figure 5-7, should be 
compared to the vertical displacement reported for the joint. The vertical displacement at 
the corner can also be simulated by slightly change in the boundary conditions shown in 
Figure 5-9. 
 
 
Figure 5-14. Vertical displacements of slab over Initial 7 days at each position [154]. 
 
5.5.2. Material properties and geometry 
The elastic and thermal properties of the concrete slab, dowel bar, and subbase 
layer are listed in Table 5-2.  Experimental observation shows that some amount of 
cement transfers from the fresh concrete slab into the subbase material. Therefore, the 
bond between the concrete slab and the subbase layer breaks somewhere in the subbase 
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material. Such observation leads to this conclusion that one can assume that the bond 
strength between the concrete slab and the subbase layer can be considered same as the 
ultimate tensile strength of the subbase layer.  
 
Table 5-2. Material properties used for the JPCP constructed by Jeong and Zollinger 
[154]. 
Material Property Value 
Concrete   
 Density (Kg/m3) 2400 
 Compressive strength (MPa) 19.1 
 Tensile strength (MPa) 2.89 
 Modulus of elasticity (MPa) 34000 
 Poisson’s ratio 0.2 
 Coefficient of thermal expansion (/oC) 11.3×10-6 
Subbase   
 Density (Kg/m3) 2100 
 Modulus of elasticity (MPa) 3500 
 Poisson’s ratio 0.2 
 Compressive strength (MPa) 1.2 
 Tensile strength (MPa) 0.11 
Steel   
 Density (Kg/m3) 7830 
 Modulus of elasticity (MPa) 210000 
 Poisson’s ratio 0.3 
 Coefficient of thermal expansion (/oC) 10.8×10-6 
 
It is assumed the elastic properties and the bond strength of the cohesive layer 
between the concrete slab and the subbase equates the elastic properties and the tensile 
strength of the subbase material. In order to use damage evolution method of the traction 
separation law, the failure parameters were assumed p = q =2.1 (see Eq. (3.28)). In fact, 
this value for p and q was obtained after several simulations with different values and 
obtaining the best value to fit with the test data. The fracture toughness GIc, and GIIc, 
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were also measured as: 
sub
CT
IIcIc
E
C
GG
2
.. 0, , where CT ,  and subE are the tensile 
strength and modulus of elasticity of subbase material, respectively, and 
0C equates the 
size of the voids ( ≈ 0.4mm). The effect of each parameter on the slab’s displacements is 
comprehensively studied in section 6 of this dissertation. Since dowel bars in JPCP are 
not fully bonded to the concrete material (even they are lubricated in some cases), the 
contact behavior between the dowel bar and the concrete slab was assumed as a 
frictional contact with the coefficient of friction of  = 0.05, as recommended in the 
literature [155].The slab weight was activated to include the body force that may 
influence the magnitude of deflection and stress due to curling, especially under 
slab/subbase separation conditions. 
Figure 5-15, illustrates the geometry of the model used for the three-dimensional 
finite element simulation. In JPC pavements, concrete slabs are connected together using 
dowel bars and the geometry of all concrete slab segments are same. That means one can 
simulate only one segment in order to study displacements in JPCP.  On the other hand, 
one can take out a prism form middle of the concrete slab and run the simulation on the 
prism instead of simulation the whole slab. This geometrical simplification significantly 
reduces the run time. The width of the prism is equal to the spacing distance of the 
dowel bars. Figure 5-15 also shows the connection between two concrete slabs using 
dowel bars. The space between the two concrete slabs shown in this figure is the size of 
a crack, which can be assumed zero in comparison to the order of dimensions used for 
the current simulation. 
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Figure 5-15. Geometry of the model and the selected prism used for the three-
dimensional finite element simulation of JPCP constructed by Jeong and Zollinger [154]. 
 
5.5.3. Loading profiles 
As shown in Figure 5-14, the concrete slab moves vertically during daytime as a 
result of change in temperature and the moisture gradients. For the current study, the 
slab end movements during sixth day of the placement is simulated. Figure 5-16 a, and 
b, illustrate variation of the temperature and moisture during sixth day through the slab 
thickness at two points: top and the bottom. Because of the lack of enough test data 
through the slab thickness, a linear profile is assumed for both temperature and moisture 
gradients from top to the bottom of the concrete slab.  
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(a)  
 
(b) 
 
Figure 5-16. Temperature and relative humidity at top and bottom of slab over 6th day: 
(a) temperature; (b) relative humidity. 
 
Since both concrete and the dowel bar are modeled as thermo-elastic materials, 
the temperature profile is directly given to the finite element simulation as an input to 
allow the whole structure relax during each time step. The moisture strain corresponding 
to each time step was also calculated using the Eq. (5.33) and then given to the finite 
element simulation as the input. Four steps plus an initial step were considered for the 
finite element simulations as: initial step (the initial temperature and moisture strain are 
applied to create the initial displacements before starting the sixth day), step-1 (to 
simulate displacements associated from 2:00 am to 8:00 am), step-2 (from 8:00 am to 
2:00 pm), step-3 (from 2:00 pm to 8:00 pm) and step-4 (from 8:00 pm to 2:00 am). In 
addition to the temperature and moisture induced strains, the slab weight was also 
modelled as a body force throughout the concrete slab.  
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5.5.4. Meshing and element types 
The prism, which consists of cement concrete, subbase, dowel bar, and the 
cohesive layer, were modeled using very fine mesh, as shown in Figure 5-17. The fine 
meshing allows realistic modeling of circular dowel bars using eight-node solid brick 
elements, permits the application of any form of thermal gradient and shrinkage strain 
through the slab thickness, and facilitates the numerical solution.  
 
 
Figure 5-17. Mesh pattern used for the three-dimensional finite element simulation of the 
CRC prism.  
 
The 3D modeling of the dowel bars using fine mesh is essential in order to 
account for the mechanism of dowel contact and the associated states of stress that 
develop around the dowels for different temperature profiles and moisture strains. 
Sliding interfaces with frictional contact were assumed between the dowel bar and the 
surrounding concrete, with the coefficient of friction of µ = 0.05 (as suggested in [155]). 
 126 
 
 
If the dowel bar does not suffer bending deformation due to external loading or 
temperature gradient, the concrete prism can contract freely without interference with 
the dowels. However, if the slab curls, the dowel-concrete interface would allow non-
uniform and partial contact along the interface of the dowel at any angular position that 
depends on the dowel position along the transverse joint. A 3D stress element (C3D8R), 
was used to simulate cement concrete, subbase, and the dowel bar and a 3D cohesive 
element (COH3D8), which is an eight node three dimensional cohesive element, is 
employed to simulate the cohesive layer between the concrete and the subbase layer. 
Since five steps were simulated together, it was hard to achieve complete solution for all 
steps together. In order to achieve full solution including all steps, the number of 
elements used for each part were changed many times.  
5.5.5. Simulation results 
Figure 5-18 shows mesh pattern of the 3D deformed prism as well as close up 
views for sliding of dowel bars and the crack propagation through the interface of 
concrete and the subbase layers during the first step. Dowel bar slides through the 
concrete and moves out as the concrete curls upward. The cohesive elements break once 
they meet critical mixed mode fracture energy and as a result, the cohesive crack 
propagates through the interface of the concrete and the subbase layer. Finally, the 
interface crack stops propagating when the environmental loads (which lead to lift 
concrete slab upwards) reaches to an equilibrium with the slab weight. A more 
informative view of the displacements is depicted in Figure 5-19. In this figure, the mid 
 127 
 
 
plane of the model is taken out in order to show displacements at the middle of the 
model in a better manner. The relative displacement between the concrete slab and the 
dowel bar is better illustrated in this figure. In order to diminish effects of boundary 
conditions on the simulation results, two points A, and B, at the mid plane are selected to 
track displacements at the top and bottom of the concrete slab.  
 
 
Figure 5-18. Mesh pattern for the deformed JPCP prism with close up for sliding of 
dowel bar as well as cohesive crack propagation through concrete/ subbase interface. 
 
 
Figure 5-20 shows the vertical displacement of the concrete slab at point A, at 
different time steps. Three curves exist: test data form Jeong and Zollinger [154], 
simulation results for p=q=1, and the simulation results for p=q=2.1. The simulation 
results corresponding to p=q=1 assumes a linear relationship in traction separation law, 
and can be seen, it does not represent the concrete/ subbase bond behavior in a proper 
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manner. After several simulations with different values of p and q, it was found p=q=2.1 
(which presents a nonlinear failure envelope) provides best fit for the tests results. This 
finding is in agreement with the literature which suggest 2.0 <p, q < 2.5 for most 
interfacial bonded joints in engineering applications [60 – 62]. The effect of parameters 
p and q on the displacements in CRCP structures is studied in section 6 of this 
dissertation. It can also be seen from Figure 5-20 that there is a good agreement between 
the test data and the simulation predictions at the first steps, however, the prediction 
error increases for next steps. This may happen because of this fact that the error at 
higher steps is accumulated since each step starts with the initial conditions calculated at 
the end of the previous step. Other factors causing error are: assuming linear profile for 
temperature and moisture gradient through the slab thickness (because of lack of 
available test data), and large increments (every six hours). 
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Figure 5-19. Mesh pattern for the deformed JPCP prism: deformed 3D model, deformed 
mid plane, close up view of deformed mid plane. 
 
 
 
Figure 5-20. Vertical displacement of the concrete slab during 6th day: test data, finite 
element simulation with linear cohesive failure criterion, and finite element simulation 
with nonlinear cohesive failure criterion. 
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As mentioned before, the available test data for validation of the numerical 
procedure explained in this section is very limited. Jeong and Zollinger [154] reported 
the displacements for the vertical direction but, not for the horizontal direction. 
However, it was interesting to see the simulation results for the prediction of the 
horizontal end movements. The horizontal displacements at points A and B of the 
concrete slab (see Figure 5-19) is illustrated in Figure 5-21. It is seen that the end 
movement at the top of the slab is larger than the bottom of the slab. This is reasonable 
since the bottom of the slab is restricted by the cohesive layer while the top surface is 
free to move and therefore, the slab edge (segment AB) tends to rotate clockwise as a 
result of environmental loads.  
 
 
Figure 5-21. Horizontal displacement of the concrete slab during 6th day: at the point A 
(top), and at the point B (bottom). 
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5.6. Summary and conclusions 
Both analytical and numerical models for evaluation of the end movements in 
concrete slabs were studied.  First, Palmer’s model was introduced as a pioneering work 
which presents a one dimensional solution for displacement field in CRC pavements. A 
modified version of the Palmer’s model was then presented in a two dimensional 
framework considering effects of slab lift-off on the horizontal displacement of the CRC 
pavements. The bond strength modeling between concrete slab and the subbase layer 
was also improved in modified Palmer’s model by considering the effect of crack 
propagation mechanism at the interface of the concrete slab and the subbase layer. The 
modified Palmer model was then compared to the results obtained from two-dimensional 
finite element simulation of a concrete slab subjected to a typical environmental loading 
configuration. It was found that there is an agreement between the predictions provided 
by the modified Palmer’s model and those of obtained from two-dimensional finite 
element simulation results.  
Like other closed form solutions, both Palmer and the modified palmer are 
developed based on some assumptions which sometimes may lead significant errors. In 
order to present a more realistic model, a three dimensional finite element approach was 
suggested which was able to simulate CRCP at different load steps. The model uses a 
zero thickness cohesive layers at concrete/ subbase and concrete/ steel bar interfaces. 
The failure properties of the cohesive layer are directly related to the bond strength 
which can be characterized by the fracture test of the laboratory specimens (like BSCB, 
see section 4 of this dissertation). The suggested three dimensional finite element 
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approach was then utilized to predict displacements in a JPCP structure tested by the 
previous researchers. It was found that the three dimensional finite element model is 
capable of predicting the experimental data in an acceptable range of error. 
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6. EFFECT OF DIFFERENT FACTORS ON THE END MOVEMENTS IN CRC 
PAVEMENTS 
 
6.1. Introduction 
There are many factors affecting on the end movements in CRC pavements. 
Among them, slab dimensions, environmental loads (temperature and moisture 
gradients), and slab modulus are well investigated by researchers in the past decades 
using either analytical models or special-purpose programs. This section studies effect of 
these parameters on the end movement in CRC pavements using 3D finite element 
approach introduced in section 5. In addition, the effect of bond strength between the 
concrete slab and subbase layer, as well as the effect of subbase modulus are included 
which have not been considered in the previous published works. The results of the 
current research provide researchers with insight as to the effect of different design 
parameters in CRC pavements and answer some of the primary questions on the 
mechanism of end displacements in concrete slab/ subgrade structures due to the 
environmental loads. 
6.2. Finite element modeling 
The 3D finite element model, developed in section 5, is used herein for study of 
the different factors on the end movements in CRC pavements. The geometry and the 
boundary conditions used for the simulation are shown in Figure 5-7, and Figure 5-9, 
respectively (see section 5). Figure 6-1, illustrates deformation of the prism shown in 
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Figure 5-7, subjected to a typical environmental load. The deformed shape of the mid 
plane is also depicted to show bond slip between the reinforcing steel bar and the 
concrete.  
 
 
Figure 6-1. Mesh pattern for deformed CRCP, as well as the deformed mid plane. 
 
Vertical and horizontal displacements are tracked at three points: A) top of the 
slab, B) bottom of the slab, and C) on the concrete part, at the interface of reinforcing 
steel bar and concrete slab. Since the reinforcing steel bar is restricted at its end, the 
horizontal displacement at point C roughly represent bond slip between the concrete and 
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the reinforcing steel bar. The bond strength between the concrete slab and the 
reinforcing bar is assumed to be a constant value of b = 5MPa [156, 157], and steel bar 
#6 (ds = 0.75in = 1.905cm) was used for all simulations. The zero thickness cohesive 
zone models are utilized for simulation of the reinforcing steel bar/ concrete, and 
concrete slab/ subbase interfaces.  
6.3. Effects of geometry 
The geometry of the CRCP used for the finite element modeling is illustrated in 
Figure 5-7 (see section 5). It is expected that all dimensions shown in Figure 5-7 
influence on the slab displacements. In the following, the effects of slab length (L), 
relative slab thickness (t0 / tbase), and the location of the reinforcing steel bar (Z0), on the 
displacements at points A, B and C shown in Figure 6-1, are explored. Table 6-1 lists 
dimensions used for the finite element simulation. The slab thickness and width are 
considered as fixed values of t0 = 25cm, and b = 10.8cm, respectively. It should be 
mentioned that L equals to the half of the actual slab length. 
 
Table 6-1. Dimensions used for modeling of CRCP. 
tbase (cm) L (cm) Z0 (cm) 
2.5, 5, 7.5, 10 45.7, 76, 137 13.75, 15, 16.25 
 
The materials properties of concrete slab, subbase layer, and the reinforcing steel 
bar were assumed to be same as listed in Table 5-2 (see section 5). The interface 
between concrete slab and subbase layer were modelled using cohesive elements 
following traction separation law with failure parameters of p = q = 2 (see section 5 and 
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Eq. (3.28) in section 3 for more details). A one-step constant linear loading configuration 
through slab thickness is assumed for the environmental loads as T = Tbottom – Ttop = 
+10oC, and RH = 10%. In addition to the temperature difference, a constant 
temperature profile of T = +10oC is also given as an input to the model. The linear strain 
profile induced by moisture gradient was then obtained using Eq. (5.33). The slab weight 
was modelled as a body force throughout the slab in which the density of concrete slab 
and the reinforcing steel bar were assumed 2400Kg/m3, and 2100 Kg/m3, respectively. 
This loading profiles are also used to study effect of modulus of elasticity, and the bond 
strength on the end movement in CRCP (sections 6.4 and 6.5). 
Figure 6-2 (a) and (b) show variation of displacements at points A, B, and C 
versus normalized slab length (L/ b), in horizontal and vertical directions. In Figure 6-2, 
other dimensions are fixed as Z0 = 15cm, and tbase = 5cm. As seen from Figure 6-2 (a), 
the horizontal end movement increases as the slab length increases. This observation can 
be explained easily because the more slab length the more shrinkage in a same shrinkage 
strain profile. For vertical displacement, except for the point B which is affected by the 
interface, it can be seen that the slab lift-off increases as the slab length increases until a 
critical slab length is achieved. After the critical slab length, the slab tends to move 
downward due to the slab weight. However, the variation of the vertical displacement 
versus slab length is negligible. In the present model, the concrete slab is bonded to the 
subbase layer. Indeed, the effect of slab length on the vertical displacement must be 
more significant for lower bond strength or ultimately if the concrete slab be placed on a 
frictionless surface. 
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(a) 
 
(b) 
 
Figure 6-2.Variation of displacements at the slab edge versus normalized slab length: (a) 
horizontal displacement, (b) vertical displacement. Z0 = 15cm, and tbase = 5cm. 
 
The effect of location of the reinforcing steel bar on the end movements is shown 
if Figure 6-3. Other dimensions are fixed as L = 76cm, and tbase = 5cm. In the current 
model, since the temperature of the concrete slab is assumed to be lower on its top than 
its bottom (which happens during nighttime), the concrete slab tends to move upward 
and thus, the upper and lower parts of the slab are under tension and compression, 
respectively (due to the dead weight of concrete slab). The lower part of the concrete 
slab is also constrained by the interface bond and therefore, one can decrease slab lift-off 
by moving the reinforcing steel bar to the upper part of the slab (increasing Z0), in order 
to help concrete slab to resist moment induced by environmental loading. Figure 6-3(b) 
proves this hypothesis as can be seen that the vertical displacement dramatically 
decreases by increasing Z0. The effect of location of the reinforcing steel bar on 
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horizontal end movements is expected to be negligible since changing Z0 does not make 
a significant change on the amount of shear stress between the reinforcing streel bar and 
the concrete slab, as can be seen in Figure 6-3(a). In other words, the location of the 
reinforcing steel bar controls the vertical displacement by carrying some part of the lift-
off moment, but does not influence horizontal end movement significantly. 
 
(a) 
 
(b) 
 
Figure 6-3.Variation of displacements at the slab edge versus normalized reinforcing 
steel bar location: (a) horizontal displacement, (b) vertical displacement. L = 76cm, and 
tb = 5cm. 
 
The simulation results for effect of subbase thickness on the end movement in 
CRC pavements are illustrated in Figure 6-4. In order to investigate only the effect of 
subbase thickness, other dimensions are fixed as Z0 = 15cm, L = 76cm. It can be 
observed that the displacements at the slab edge do not change considerably when the 
subbase thickness increases. This observation can easily be explained by the boundary 
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conditions assumed for the subbase layer, as shown in Figure 5-9 (see section 5). 
According to Figure 5-9, a considerable role of the subbase thickness on the end 
movements can be expected when the cohesive bond between the concrete slab and the 
subbase layer is very strong. However, in many CRCP structures, the bond strength 
between the concrete slab and the subbase layer is not so strong to deform subbase layer 
significantly, but rather the interface bond between the concrete slab and the subbase 
layer fails before deformation occurs in the subbase layer. 
 
(a) 
 
(b) 
 
Figure 6-4.Variation of displacements at the slab edge versus normalized subbase 
thickness: (a) horizontal displacement, (b) vertical displacement. Z0 = 15cm, L = 76cm. 
 
6.4. Effect of modulus of elasticity 
Figure 6-5 shows the effect of subbase modulus on the end movement in a CRCP 
structure. A fixed dimension is used for the finite element simulation as Z0 = 15cm, L = 
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76cm, and tbase = 5cm. The simulation results show that modulus of the subbase layer 
does not have a significant impact on the concrete slab displacement. This behavior can 
be explained by this fact that the bond strength between the concrete slab and the 
subbase layer is not strong enough to transfer effects of slab modulus to the concrete 
slab. In other words, the end movement in concrete slab should be more affected by the 
bond strength rather than the modulus of the subbase layer. For example, for a very 
strong bond between the concrete slab and the subbase, the subbase layer has to deform 
as a result of slab lift-off and therefore, it is expected that the modulus of subbase layer 
influence on the slab displacements. 
 
(a) 
 
(b) 
 
Figure 6-5. Variation of displacements at the slab edge versus normalized subbase 
modulus: (a) horizontal displacement, (b) vertical displacement. Z0 = 15cm, L = 76cm, 
and tbase = 5cm. 
 
It is worth mentioning that for exploring effect of modulus of elasticity, it was 
assumed that the modulus of concrete slab is constant and the modulus of the subbase 
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layer is changed. This is reasonable since the modulus of elasticity does not vary 
significantly for concrete in different CRC pavements, however, it alters for the subbase 
layer depending on the type of the material served as the subbase. Indeed, a significant 
variation in end movement is anticipated when the modulus of the concrete is changed. 
This happens because the net environmental strains are applied to the concrete slab and 
thus, the displacements should increase as the modulus of the concrete decreases.   
6.5. Effect of Bond strength between concrete slab and subbase layer 
The bond strength between concrete slab and the subbase layer controls 
separation of the slab from the subbase. It is expected that the higher bond strength, the 
lower slab lift-off. However, in pavement design, a strong bond strength is not always 
desirable. In other words, de-bonding of the concrete slab/ subbase layer interface helps 
to release some energy induced by the environmental loads and prevents concrete slab 
from early age cracking. Low bond strength, on the other hand, enhances separation in 
CRC pavements leading to deterioration of slab/ subbase due to interface erosion. That 
means the bond strength should be considered as an important parameter in designing 
CRC pavements. 
The fracture criterion for weak interfaces can be expressed as a power-law 
equation explained in section 3, as 1
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, where (GI)C and (GII)C are 
the mode I and mode II components of the strain energy release rate at fracture, GIC and 
GIIC are the critical fracture energies for pure modes, and p and q are exponents (see 
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section 3, subsection 3.4. for more details). Figure 6-6 depicts variation of the fracture 
loci versus parameters p and q (p = q = 1). The area surrounded by each curve and the 
coordinate axes represents the safe zone, and above this area, the interface crack 
propagates through the interface. It is seen that as the values of p and q decrease the safe 
zone gets more constricted and the fracture criterion presents more conservative 
predictions. However, according to the literature, for many of the interface bonds 
available in different engineering applications, p and q parameters fall within the range 
of 1.5 < p, q < 2.5. These parameters are determined for asphalt concrete/ concrete 
bonds in section 4 of this dissertation. Same method can be applied for any other bonded 
structures with different material properties. 
 
 
Figure 6-6. Variation of the power law fracture envelope with different values of p and q 
(it is assumed p = q). 
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The finite element software ABAQUS has the ability of simulating cohesive zone 
model using traction separation law which uses failure parameters p and q. Figure 6-7 
illustrates variation of the horizontal and vertical displacements at the edge of the 
concrete slab versus parameters p and q. The critical fracture energies for pure modes 
were assumed to be the same as that of considered in section 5 (subsection 5.5.2). It can 
be seen that both horizontal and vertical displacements dramatically decrease by 
increasing parameters p and q. In fact, the lower values of p and q means lower de-
bonding threshold as shown in Figure 6-6 and thus, the concrete slab can be separated 
easier.   
 
(a) 
 
(b) 
 
Figure 6-7. Variation of displacements at the slab edge versus different values of p and 
q. (a) horizontal displacement, (b) vertical displacement. Z0 = 15cm, L = 76cm, and tbase 
= 5cm. 
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6.6. Effect of temperature gradient 
The concrete slab response to temperature differences through the slab thickness 
has been recognized as curling. A positive temperature difference between the top and 
the bottom surfaces of the concrete slab (T = Ttop – Tbottom > 0) during daytime causes 
the slab edges to curl downwards while a negative temperature difference during night 
time results in the upward curling of the concrete slab. Since concrete can recover its 
original shape after the effects of temperature variation are removed, the curling due to 
temperature variation from daily or seasonal weather condition can be considered as a 
transient component of slab curvature behavior due to environmental loading (Yu et al. 
[158]). Curling can create not only slab deformation but also internal stresses in the 
absence of traffic loading. Westergaard [8] proposed the first well known closed– form 
solution for prediction of concrete slab curling deflections and stress on the basis of 
assumption of an infinite or semi-infinite plain concrete slab over dense liquid 
foundation. Bradbury [159] later extended Westergaard’s bending stress solutions for a 
two dimensional concrete slab with finite dimensions. 
Although the temperature profile through the depth of the concrete slab is 
nonlinear [160, 161] the concept of equal linear temperature profile, which simplifies 
calculation of the temperature induced stresses, is widely accepted by the pavement 
engineers. According to this concept, the total nonlinear temperature profile in a slab can 
be thought of as having three components, as shown in Figure 6-8: (a) uniform 
component causing axial expansion or contraction, (b) a linear component causing 
bending of pavement slab, and (c) a zero – moment nonlinear component that remains 
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after subtraction of the uniform and linear component from total nonlinear components. 
It is worth noting that the lack of knowledge of the zero–moment nonlinear component 
can lead to higher maximum computed tensile stress during day time and lower 
maximum computed tensile stress during night time [161]. However, it is shown by Yu 
et al. [158] that the zero– moment nonlinear temperature component does not have a 
significant influence on the calculation of curling displacements. That means, any 
nonlinear temperature profile can be converted to its equivalent linear profile to be used 
by pavement engineers for designing CRC pavements.  
 
 
Figure 6-8. Typical temperature profile through the slab thickness, proposed by 
Choubane and Tia [161]. 
 
Figure 6-9 shows effect of linear temperature difference on the displacements in 
concrete slab edge. The boundary conditions (like bond strength), other loading profiles 
(like moisture gradient), and material properties (like modulus) are considered the same 
as those of used for section 6.3. It is seen that both horizontal and vertical displacements 
are dramatically influenced by the temperature gradient throughout the concrete 
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thickness. The end movement in CRC pavement increases as the temperature difference 
increases. It should be noted that Figure 6-9 is plotted for the nighttime temperature 
conditions in which the top surface of the slab is cooler than its bottom surface. 
However, the curling occurs under such conditions and therefore, the nighttime 
temperature profile is chosen for the current analysis.  
 
(a) 
 
(b) 
 
Figure 6-9. Variation of displacements at the slab edge versus different temperature 
differences, T: (a) horizontal displacement, (b) vertical displacement. Z0 = 15cm, L = 
76cm, and tbase = 5cm. 
 
6.7. Effect of moisture gradient 
The moisture gradient is influenced by the daily and seasonal weather conditions 
and the pavement material such as permeable base and poor drainage soils [15]. 
Especially, it has been recognized that seasonal variations influences more than other 
factors due to the low hydraulic conductivity of concrete [158, 162]. The variation of 
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moisture gradient through the thickness of the concrete slab can be expressed as Eq. 
(6.1); 

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

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n
topbottomtop
t
z
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(6.1) 
where, parameter n’ controls the moisture profile throughout the slab thickness. Figure 6-
10 depicts variation of the moisture profile in concrete thickness for different values of 
n’. Other parameters in Figure 6-10 are assumed as: %10 topbottom RHRHRH , and, 
%90topRH . It is well-known that the RH profile is nonlinear through a concrete slab 
pavement exposed to the environment on its top. In the current analysis, in order to 
explore the effect of RH difference (RH) throughout the slab, it was assumed n’=3, and 
the bottom surface is considered as fully saturated ( %100bottomRH ).   
Figure 6-11 illustrates displacements at the edge of the concrete slab versus 
different values of RH difference (RH). It is seen that horizontal end movement is more 
influenced by the moisture gradient than the vertical end movement. This happens since 
the moisture profile is one of the primary sources of concrete shrinkage which leads to 
significant change in slab length in horizontal direction. However, because the concrete 
slab is restricted at the bottom, the moisture gradient slightly influences on vertical 
displacements, as shown in Figure 6-11(b). 
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Figure 6-10. Variation of RH through slab thickness with different values of n’ for 
%10 topbottom RHRHRH , and, %90topRH . 
 
(a) 
 
(b) 
 
Figure 6-11. Variation of displacements at the slab edge versus different moisture 
differences, RH: (a) horizontal displacement, (b) vertical displacement. n’=3, Z0 = 
15cm, L = 76cm, and tbase = 5cm. 
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6.8. Summary and conclusions 
The effect of different parameters on the end movements in CRC pavements was 
studied. The findings obtained in this section of the dissertation can be summarized as 
the following: 
The geometry of the CRC pavement remarkably influence its end movements. As 
the length of the concrete slab increases, the horizontal end movement increases, 
however, the vertical displacement component does not change significantly. The 
location of the reinforcing steel bar has a considerable effect on the vertical end 
movement, but has almost no effect on the horizontal displacement of the slab edge. It 
was also found that the thickness of the subbase layer does not have a significant 
influence on the end movements in concrete slab. However, it has to be mentioned that 
for very thin subbase layers, the behavior may be changed due to the bond strength 
effects. However, exploring such effects needs a multiscale simulation which was out of 
scope of the current research.  
The effects of modulus of the subbase layer on the slab displacements was also 
investigated. It was also found that the modulus of the subbase layer does not have a 
significant influence on the end movements in concrete slab. This results bring this fact 
to mind that the end movement in concrete slab is more influenced by the bond strength 
between the concrete slab and the subbase layer, rather than the subbase modulus. 
The role of bond strength on the end movements in concrete slab was also 
studied. Using the power-law fracture criterion, developed for weak interfaces, it was 
shown that the bond strength significantly influences on the end movement in concrete 
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slab. The role of power-law fracture criterion exponent, n’, on the prediction of the 
horizontal and vertical displacements in CRCP was also explored. The results of this part 
emphasizes the necessity of conducting fracture tests for evaluation of the bond strength 
between the concrete slab and the subbase layer, as was done in section 4 of this 
dissertation. 
The effects of temperature and moisture gradients on the horizontal and vertical 
end displacements in concrete slab were also explored. It was shown that the 
temperature gradient influences end movements in both horizontal and vertical 
directions, but the moisture gradient has a more effect on the horizontal displacements 
than the vertical component. 
 
 
 
 
 
 
 
 
 
 
 
 
 151 
 
 
7. SUMMARY, CONCLUSIONS, AND FUTURE RESEARCH  
 
7.1. Summary and conclusions 
Continuously Reinforced Concrete Pavement (CRCP) is the most widely used 
rigid pavement type in Texas as well as other states due to its durable nature and 
minimum maintenance cost. In order to design CRC pavements, many factors must 
controlled in order to decrease maintenance costs and prevent CRCP from deterioration. 
Although the use of in-situ measurements provides a very good understanding of the 
CRCP behavior, they represent a set of data collected for an especial case of traffic and 
environmental loads. Therefore, the mechanism behind CRCP behavior must be 
explored in order to present a more general design framework. In addition, the in-situ 
investigations always cost more than laboratory and computational simulations. Thus, 
one of the best options would be exploring mechanism of CRCP behavior using 
laboratory tests and computational simulations, and then, trying to correlate these 
findings with the real field applications.  
There are many factors influencing CRCP displacements over time like, 
temperature and moisture gradients, modulus, CRCP dimensions, and the bond behavior 
between the concrete slab and the subbase layer. Over past fifty years, researchers have 
tried to model CRCP behavior using either closed form solutions or computational 
frameworks. However, none of them considered bond strength between the concrete slab 
and the subbase layer in a realistic manner, as discussed in section 2.  
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The current dissertation tried to take into account effect of bond strength between 
the concrete slab and the subbase layer in a more realistic manner than previous studies, 
by taking into consideration the crack propagation at the concrete slab/ subbase 
interface. The investigation started from one step behind the area of the study to 
fundamentally understand mechanism of interfacial crack propagation in a general bi-
material system. Section three of the dissertation was focused on studying different 
fracture criteria for crack propagation at the interface of two dissimilar materials. A new 
stress-based fracture criteria was proposed for prediction of the mixed mode interfacial 
fracture toughness as well as the crack kinking angles. The proposed criterion, which 
was developed for strong interfaces, was then employed to predict mixed mode fracture 
toughness and the kinking angles in different bi-material components made of different 
engineering materials. It was found that the proposed criterion provides more accurate 
estimation of the experimental data than other traditional criteria. The crack propagation 
at the interface of weak bonds (where the interface crack propagates through the 
interface instead of kinking into one of the materials) was also explored using power-law 
fracture criterion. It was pointed out that for weak interfaces, the crack propagation 
mechanism is mainly affected by the chemical bond strength rather than material 
property of each bonded material.  
In the next section (section four), a new fracture test specimen was developed for 
evaluation of the interfacial mixed mode fracture toughness of bonded materials. The 
features and advantages of the suggested specimen was discussed in this section. One of 
the most important advantages of the proposed test specimen was covering all spectrum 
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of the mode mixities from pure mode I to pure mode II conditions. The proposed 
specimen was then employed to explore interfacial mixed mode fracture toughness of 
AC/PCC at different temperatures.  
The next two sections of the dissertation, sections 5 and 6, were focused on 
different models for prediction of the end movements in CRC pavements due to the 
environmental loads. Starting from theoretical closed form models, the one dimensional 
Palmer’s model was introduced and its capabilities and its limitations was discussed. 
Then, the Palmer’s model was modified by the replacement of the traditional bond-slip 
model with the interfacial fracture mechanics concepts. The suggested model was 
presented in a two-dimensional framework and was able to consider effect of slab lift-off 
on the horizontal end movements. The modified Palmer’s model was then compared to 
the results obtained from two dimensional finite element simulation of a plain concrete 
and a very good correlation was observed between them. 
Because of existence of the reinforcing steel bar, it is not possible to model 
CRCP using two dimensional finite element simulation. Therefore, a three dimensional 
finite element simulation program was suggested in which the concrete slab/ subbase 
and reinforcing steel bar/ concrete slab interfaces were simulated using zero thickness 
cohesive zone elements. The program was able to implement interfacial fracture 
criterion parameters into the simulation directly using traction-separation constitutive 
law. Then, the experimental data obtained by the previous researchers for the end 
movement of a JPCP were predicted using the suggested three dimensional finite 
element program, in order to examine validity of the approach, and an acceptable 
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agreement was found between them. Finally, the effect of slab dimensions, location of 
the reinforcing steel bar, subbase modulus, concrete slab/ subbase bond strength, and 
temperature and moisture gradients on the horizontal and vertical end movements, as 
well as the relative steel bar/ concrete displacements were investigated in section six 
using the suggested three dimensional finite element simulations. It was found that some 
of these factors significantly influence on the end movements, while some others have 
no influence or only influence on one of displacement components. The results obtained 
in section six can be useful for pavement engineers for designing CRC pavements under 
environmental loads.  
7.2. Future research 
The research topic explored in this dissertation can be extended in many ways. In 
fact, although the CRCP has been investigated using different models and simulation 
approaches so far, the research topic is still on its beginning because of its complexity. 
There are a vast amount of factors affecting CRCP behavior which have not been 
investigated yet. Some of them are summarized in the following; 
The CRC pavement consist of different composite layers made of different size 
of aggregates, cementitious materials, water, and other chemicals. Although the material 
properties of the layers are considered to be constant when studying general behavior of 
CRC pavements, the story is completely different at smaller size scales. The first step 
toward this fact is to consider CRCP layers as composite materials instead of considering 
them as homogeneous materials. The next step would be study of the effect of such 
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internal ingredients on the material properties of each layer. For instance, the study of 
the effects of size and percentage of the aggregates, hydration, and water transport on the 
coefficient of thermal expansion, and modulus of the each layer falls inside this research 
circle.  
It is also worth mentioning that in some CRC pavements, the subbase layer is 
made of asphalt concrete which is a viscoelastic material. The effect of different 
constitutive models for the CRCP layers on the concrete slab displacements can also be 
considered as another extension of the current research topic. A more complex 
simulation can be performed by considering different constitutive models to each 
ingredients (cementitious materials, aggregates, C-S-H, and water) separately at different 
CRCP layers. 
As pointed out in section 3 and investigated in section 4, the bond strength for 
weak interfaces is more affected by the chemical bonds between two materials than their 
individual mechanical properties. The story is completely different for strong interfaces 
in which the interface crack kinks into one of the materials and therefore, the material 
property of the weaker material controls the interfacial fracture toughness. That means, a 
multiscale investigation is necessary to understand mechanism of bond failure for weak 
interfaces, which may not be necessary for strong interfaces. On the other hand, as 
shown in section 4, the concrete slab/ subbase interfaces behaves like a weak bond rather 
than a strong bond and therefore, a multiscale investigation is needed to achieve a better 
description of the concrete slab/ subbase delamination due to the environmental loads. 
The output of the multiscale investigation of the concrete slab/ subbase, and concrete 
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slab/ reinforcing steel bar interfaces can be used for modification of the traction-
separation constitutive law used in this research. Also, the effect of bond strength 
between reinforcing steel bar and the concrete slab on the CRCP end movements can be 
investigated which was assumed to be constant in the current study.  
Finally, it is worth noting again that the current research was mainly focused on 
the effects of environmental loads (temperature and moisture gradients) on the end 
movements in CRCP. The effect of traffic loads on the displacements in concrete slab 
was not investigated in this dissertation. This can also be considered as a future research 
topic. In fact, an in-service CRC pavement is subjected to both traffic and environmental 
loads simultaneously, which must be considered for design purposes. However, the 
primary source of slab lift-off and other distresses in CRC pavements is because of the 
environmental loads. 
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APPENDIX A 
STRESS FIELD AROUND AN INTERFACE CRACK 
The multi-parameter Cartesian stress field equations in polar coordinates 
corresponding to material-1 are [55, 94]; 
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The stress field expressions for material-2 can be obtained by replacing e-by 
e+, e+bye-, by 1/and replacing the corresponding R(2) and S(2)into the Eq. (A.1). 
The Cartesian stress components could be easily transformed into the polar coordinate 
system, mentioned in Eq. (3.1), as:  
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The parameters frr, fand frin Eq. (3.1) could easily be obtained. For example for 
)(m
rr  
we have: 
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where
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m
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m
xxf , 
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m
yyf are the terms of the series expansion of Eq. (A.1) 
corresponding to n = 0. It also should be mentioned that KI, KII and T in Eq. (3.1) are 
KI0, KII0 and KI1 in Eq. (A.1) respectively.  
 
 
 
 
 
